MELLIN-BARNES INTEGRALS AS FOURIER-MUKAI 

TRANSFORMS 

LEV A. BORISOV AND R. PAUL HORJA 

Abstract. We study the generalized hypergeometric system in- 
troduced by Gelfand, Kapranov and Zelevinsky and its relationship 
with the toric Deligne-Mumford (DM) stacks recently studied by 
Borisov, Chen and Smith. We construct series solutions with values 
in a combinatorial version of the Chen-Ruan (orbifold) cohomol- 
ogy and in the if-theory of the associated DM stacks. In the spirit 
of the homological mirror symmetry conjecture of Kontsevich, we 
show that the X-theory action of the Fourier-Mukai functors as- 
sociated to basic toric birational maps of DM stacks are mirrored 
by analytic continuation transformations of Mellin-Barnes type. 



1. Introduction 

Let A = {vi, . . . , Vn} be a collection of elements of the lattice = 
Z*^. We assume that the elements of A generate the lattice as an abelian 
group, and that there exists a group homomorphism h : N ^ Z such 
that h{v) = 1 for any element v E A. Let L C denote the lattice 
of integral relations among the elements of A consisting of vectors 
/ = (Ij) G such that liVi -|- . . . -|- Z„w„ = 0. 

Let /3 G iV be a lattice element. The Gelfand-Kapranov-Zelevinsky 
hypergeometric system ( GKZ) associated to the set A and parame- 
ter /5 is a system of differential equations on the function $(-2), z = 
{zi, . . . , Zn) G C", consisting of the binomial equations 

n(|-)"-n(|-)>-o.'-i^. 

j,lj>0 ^ j,lj<0 ■> 

and the linear equations 

d 



j=i J 



Note that it is enough to consider a finite set of binomial equations 
determined by a set of generators of the lattice of relations L. 
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Gelfand, Kapranov and Zelevinsky [GKZl] showed that this system 
is holonomic, so the number of solutions at a generic point is finite. 
They constructed exphcit solutions of the system in the form of the 
so-called Gamma series 



where A e C" is a parameter with the property that XiVi + . . . + XnVn — 
p. Moreover, they discovered that there is a very close connection be- 
tween the regular triangulations of the polytope A = Conv(^), as 
described by the secondary polytope of A, and the structure of the 
solution set. 

In the context of mirror symmetry, Batyrev [Bat] noticed that a spe- 
cial case of the GKZ system is satisfied by the periods describing the 
variations of complex structures of Calabi-Yau hypcrsurfaccs in toric 
varieties. Aspinwall, Greene and Morrison [AGM] used the combina- 
torial GKZ machinery to analyze the string theoretic phase transitions 
in type II string theory. The homological mirror symmetry conjecture 
of Kontsevich [Kl] provided a far reaching generalization of the earlier 
ideas in mirror symmetry. As further evidence for his proposal, Kont- 
sevich [K2] conjectured that the action on cohomology of the group of 
self-equivalences of the bounded derived category of coherent sheaves 
on a smooth projective Calabi-Yau variety matches the monodromy 
action on the cohomology of the mirror Calabi-Yau variety associated 
to the variations of complex structures. In the toric context, this strat- 
egy has been pursued by one of the authors in [H] . The broad goal of 
the current work is to offer a framework for the aforementioned ideas 
based on the notion of a toric Deligne-Mumford stack introduced by 
Borisov, Chen and Smith [BCS]. 

Sections 2 and 3 provide a geometric approach to the problem of 
constructing convergent Gamma series solutions to the GKZ system 
corresponding to a general regular triangulation of the polytope A = 
Conv(^). For an extensive list of works that investigate the properties 
of the GKZ system and the associated D-module, the bibliography 
of the book by Saito, Sturmfels and Takayama [SST] is the best re- 
source. Our approach is closest in spirit to the methods employed by 
Hosono, Lian and Yau [HLY] and Stienstra [S] for the case of unimodu- 
lar triangulations which, for some time, has been the preferred testing 
ground for mirror symmetry computations. However, homological mir- 
ror symmetry and the advent of D-branes in string theory have sparked 
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renewed interest in understanding the intricacies of the general situa- 
tion. What we show is that the Chen-Ruan (orbifold) cohomology and 
the /T-theory of the toric Dehgne-Mumford stack associated to a gen- 
eral regular triangulation of the the convex polytope A are the natural 
missing ingredients in the geometric construction of the solution set to 
the GKZ system. 

In particular, for a fan E supported on the cone K = M>oA induced 
by a regular triangulation of the polytope A, and an arbitrary (3 G 
N, we explicitly construct at least Vol (A) cohomology valued linearly 
independent Gamma series solutions in a certain complex domain U-£ 
in C" associated to the fan E (corollary 2.21i)). When P e —K°, which 
is the case of mirror symmetry for Calabi-Yau complete intersections in 
projective toric varieties, the second part of the same corollary provides 
a full system of Vol(A) linearly independent solutions. Furthermore, 
corollary 3.8 provides a mirror symmetry map defined on the dual of 
the Grothendieck ring of the toric DM stack 

MS^ : (iro(Ps,C)f ^5o/(C/s) 

that produces GKZ solutions which are analytic in the complex domain 
Us in C" associated to the fan E. 

Our i^-theoretic interpretation makes essential use of results con- 
tained in the companion paper [BH], where, among other things, a 
Stanley-Reisner type description of the Grothendieck i^-theory ring 
of a smooth DM stack is given. It is well known that there are many 
subtleties involved in trying to determine the dimension of the solu- 
tion set of the GKZ system (see, for example, Adolphson [A], Saito, 
Sturmfels and Takayama [SST], Cattani, Dickenstein and Sturmfels 
[CDS], Matusevich, Miller and Walther [MMW]). Our methods raise 
the interesting issue of finding the proper X-theoretic framework for 
constructing GKZ solutions for general values of the parameter (3 E N. 

In sections 4 and 5, we employ a combination of analytic, algebra- 
geometric and combinatorial methods and justify the title of the paper. 
We consider E+ and E_ two fan structures induced by two regular 
triangulations of the polytope A that arc joined by an edge of the 
secondary polytope determined by A. It follows that the associated 
toric DM stacks Ps.,. and Ps_ are birationally equivalent, and we have 
a diagram of weighted blowdowns 




Pe+ Ps_ , 
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where E is a stacky refinement of the fans S±. According to Bondal and 
Orlov [BO], in the smooth fan case, and Kawamata [Ka], in the stacky 
case, the map FM : D^(Ps_) — > D^(Ps_,_) between the bounded derived 
categories of coherent sheaves of the associated DM stacks, defined by 

FM :=R(/+),L(/_r, 

is an equivalence of triangulated categories, i.e. a Fouricr-Mukai func- 
tor. Our main result, theorem 5.4, shows the commutativity of the 
diagram 

(Xo(Ps+, C))v > Sol{U^) 



FM 



MB 



(i^o(PE_, C))^ — Sol{U_) 

Not surprisingly, in accordance with general mirror symmetry princi- 
ples, the left side of the diagram has to do with birational geometry, 
while its right side is analytic in nature. The explicit description of the 
analytic continuation map MB is given in corollary 4.14 (see definition 
4.15) as an application of the Mellin-Barnes integral representation 
method. The use of i^T-theory instead of (orbifold) cohomology in 
this last part of the paper has many advantages. In particular, we do 
not need to use any type of Grothendieck-Riemann-Roch theorem for 
stacks. 

Most of the results of this work were obtained while the second au- 
thor held positions at the University of Michigan, Ann Arbor, and at 
the Fields Institute, University of Toronto. He is very grateful for finan- 
cial support and for the outstanding scientific atmosphere provided by 
both institutions. We would like to thank Victor Batyrev and Kentaro 
Hori for useful discussions. 

Notation. Given a fan E in and two cones cr, r e E, we write 
(T ^ T or T :^ (7 to indicate that the cone cr is a face of the cone r. 
A one-dimensional face of a cone a will sometimes be called a ray of 
cr. For a subset B of the lattice N, we write 1R>0'B to denote the cone 
generated by the elements of B. 

2. GKZ SOLUTIONS WITH VALUES IN TORIC SR COHOMOLOGY 

As in the previous section, assume that A = {vi, . . . , f„} d N = 
generates the lattice A^, and that all the elements of A are located in 
a hyperplane = 1, for a linear map /i : A^ — > Z. In what follows, 

we consider regular triangulations of the poly tope A = Conv(^) with 
all their vertices among the elements of A. Every such triangulation 
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determines a fan structure S supported on the cone K = ]R>oA. It is 
well known (see chapter 7 in [GKZ]) that there exists a one-to-one cor- 
respondence between the regular triangulations of A and the maximal 
cones of the secondary fan determined by A (or, dually, the vertices of 
the secondary polytope associated to .4.). 

We define the partial semigroup ring C[K, E] associated to the cone 
K and the fan E to be the complex vector space with a basis given 
by the symbols x"^ for all w & K (1 N and the multiplication defined 
such that x'^^ ■ x"^^ = x"'^^^^, whenever there exists a cone cr e E 
containing both wi and W2, and • x^'^ — 0, otherwise. The ideal 
C[K°, E] C C[K, E] associated to the interior of the cone K is generated 
by the elements x"^ for all the elements w G K°. The ring C[K, E] and 
the ideal C[-ft'°,E] admit a natural positive grading induced by the 
hyperplane condition on A. 

The following result is stated in [BM] (see also [B]). 

Proposition 2.1. The ring C[K,T.] and the module C[ii'°,E] (over 
C[K, T,]) are Cohen- Macaulay of dimension d. Moreover, for any basis 
(mi, . . . , md) of M — Hom(A/", Z), the elements 

form a regular sequence in C[K, E] (and hence in C[K°, E]j. 
Corollary 2.2. The quotients 

C[K, E]/ZC[K, E] := C[K, E]/(Zi, . . . , Za)C[K, E] 

and 

C[K°, E]/ZC[X°, E] := C[K°, T.]/{Zi, Zd)C[K°, E] 

have dimension equal to the normalized volume of A. 

Proof. The dimensions of these vector spaces are equal to {d — iy. times 
the leading coefficient of the Hilbert polynomial of the graded ring and 
module. It is well-known this leading coefficient is the quotient of the 
normalized volume by {d — 1)!, see for example [St], theorem 4.16. □ 

In line with the terminology of section 3 in [BH], we will call the 
quotient C[K, Tj\/ZC[K, E] the SR-cohomology ring. 

2.1. F— series with values in the completion of C[i^r, E]. For any 
maximal dimensional cone cr e E, we define the set Box{a) of elements 
in N to be the set 

n 

{v : V = X^ QjVj, < < 1, Qj = 0, if M>o'yj is not a ray of a}. 
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Define the set Box(E) of eiements in N to be tlie union of tlie sets 
Box((7) for all the maximal dimensional cones cr e S. If e Box(E), 
we denote by a{v) the smallest cone of S that contains v. 

The set A generates the lattice A^, so for each v G Box(S), we can 
choose a solution 7^ of the equation jlvi + . . . + j^Vn = P, with the 
property that jj = (mod Z). This implies that 7J is integer, unless 
M>oVj is a ray of cr{v). In particular, 7J is integer for R>ot'j ^ S. 

For a given z — {zi, . . . , Zn) in (C*)"', consider the formal expression 

where i e L, 

Dj :— x"^ if ]R>oi'j e S, and Dj :— 0, otherwise, 

and 

for a choice of (argzi, . . . , argz„) G M". 

Definition 2.3. Let 7 = (71,..., 7^) be an element in Q". For any 
Z = (/i, . . . , /n) G L, the support of I with respect to 7 and E, denoted 
by Supp(/), consists of the elements vj of A such that Ij + 7^ ^ Z>o. 
We define the set S-^ij) C L by the property that I G L belongs to 
iSs(7) if there exists a (maximal) cone a such that all the elements of 
Supp(/) generate rays of a. 

Note that for any / G L and an arbitrary 7 G Q", we have that 

5s(7) = (-0+'5e(7-0- 

Remark 2.4. For v G Box(E) and 7^ G a corresponding solution 

to j^i'i + . . . +7^Vn = P, any / G iSs(7^) has the property that the cone 
]R>oSupp(/) belongs to the fan E, and a{v) is a subcone of the cone 
M>oSupp(/). 

The motivation behind Definition 2.3 is the following result. 
Proposition 2.5. The expression 

x^Yl 

vanishes in the completion of the ring C[K, E], unless I G <Ss(7^). 
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Proof. Suppose that the expression is non-zero and let a{v) be the 
smallest cone of E that contains v. 

Notice that j-th factor in the product is divisible by Dj for all neg- 
ative integer Ij + 7J. This in particular implies that Ij + > for 
M>ot'j ^ S, since these Ij + 7J are integer. Because of the factor x"" in 
the expression, the set of all Vj such that Ij + 7J is a negative integer 
must lie in a cone of S that contains cr{v). Then the rays of this cone 
contain all Vj for which Ij + 7J is either negative or non-integer. □ 

To any maximal cone a of the fan S we associate the set C L®M C 
defined by the property that x = (xi, . . . , x^) G L ® M belongs to 
Ca, if Xj > whenever M>o'yj is not a ray a. It follows that is a cone 
in generated by elements of L. Moreover, the Minkowski sum 

is a cone in whose dual cone C (M")^ has non-empty interior 
(see, for example, page 219 in [GKZ]). The cone is the maximal 
cone associated to the chosen regular triangulation in the non-pointed 
secondary fan determined in (M")^ by the set A. 

Lemma 2.6. Let 7 = (71, . . . ,7^) be an element in Q". There exists 
b = (61, . . . ,bn) e L such that S-E{—b -|- 7) C Cs, or, equivalently, such 
thatS^{^) C (-6) +Cs. 

Proof. Given 7 e Q", for each maximal cone cr e E, there exists a 
unique element 7^^ = (7^ , . . . , 7^) G L Q such that 7J = 7^, when 
M>oVj ^ (J. Note that the set of all / = (/i, . . . , /„) G L such that Ij+'Jj > 
when M>of j ^ cr, is contained in the translated cone (—7°^) + C. 
L (g) R, where Ca is the cone described in the first part of the previous 
lemma. We have that +0^ C (-7'') +Cs. 

We claim that there exists an clement 6 G L such that (—7*^) +Cs C 
(—6) +Cs, for all the maximal simplices o" G S. Indeed, it is enough to 
find 6 G L such that 6 — 7°^ G Cs for all the maximal simplices a G E. 
This can be achieved by choosing a finite number of generators in L for 
the cone Cs, and choosing 6 G L to be an appropriate positive integral 
linear combination of the generators. 

It follows that 

U {-r)+C.c{-b)+Cj:, 

where the union is taken over all the maximal cones u G E. Hence 
5s(-6 + 7)c y ((6-7")+C) cCs. 
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This also means that 

5s(7) = i-b) + 5s(-6 + 7) C (-6) + Cs. 



□ 



Corollary 2.7. For any v G Box(E), with v = X]J=i?J'^i' '"'^^^ — 
Qj < 1, and Qj = if'R>QVj 7^ c('y), ^/iere ea;z5fo a choice of ■j'" e Q" 

7i> + ... + 7X = /3, 7j = gJ modZ, 
^/le property that 5s (7'') C Cs- 

Proposition 2.8. For each maximal cone a ofE, there exists c^ G C^, 
such that the series 

,.S.nr(i, + A, + i)- 

is absolutely convergent for {z, X) E U„ x C"^, and defines an analytic 
function in x C". Here, z^^ = e'^^(^°sl^^l+*^s^^\ and the open set 
is defined by 

Ua :^{{zi, . . . , Zn) e C" : (-log|zi|,...,-log|z„|) e C^ + Ca, 
(arg2;i,...,arg2;„) e (-7r,7r) x ... x (-7r,7r)}. 

Proof. The argument restriction on the z variables stems from the pres- 
ence of the terms z^^ . Hence, it is enough to show that the series 



^ z 

^ n r(L + A. + 1) 



converges absolutely for (z, A) G x C" with 

{z= (zi,...,2;„) G C" : (-log|zi|,...,-log|^„|) gC^ + c,,}, 

for some c„ G C^, to be determined below. 

In order to be able to apply the Weierstrass convergence theorem for 
sequences of holomorphic functions, we have to investigate the uniform 
convergence of the sequence of partial sums of this series for ||A|| < b. 

For any Z = (Zi, . . . , Z„) G L, we have YTi=\ ^3 — 0- Hence, we see that 

n 

|^3?(/, + A, + l)| <5 + n. 



and 



J]|»(/, + A, + l)|<5 
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SO we can apply lemma 6.4 of the appendix. There exists a positive 
constant ^4 > 0, such that 

n Ij 

For some e > 0, the absolute and uniform convergence of the series 
is guaranteed for those z = (^i, . . . , Zn) G such that 

n 

||/||log(4n) + 5^/,log|z,|<-e||/||, 

for any Z e L fl Co-. 

Choose li, . . . , lp to be a set of generators of the cone C„. We can 
choose Ccr deep enough in the interior of the cone C^, such that, for any 
ueC^ + Co, 

(uji) > (e + log(4n))log||/:,|| 

for any i,l < i < p. This implies that, for any / e L n and any 
M G + Co, we have that 

{u,l) > (e + log(4n))log||/i|. 

It follows that the series converges absolutely in the region 11^ intro- 
duced in the statement of the proposition. The region contains an open 
set of C", since C and the cone has nonempty interior (page 
219 in [GKZ]). This ends the proof of the proposition. □ 

Corollary 2.9. Let J be a subset of the set of the maximal cones of 
the fan E, and Cj :— X^oeJ ^o'- Then there exists cj e Cj such that the 
series 

,.S.nr(i, + A, + i)- 

is absolutely convergent for {z, A) e Uj x C", and defines an analytic 
function in Uj x C", where 

Uj e C" : (-log|zi|,...,-log|z„|) G + cj, 

(arg2;i,...,arg2;„) e (-7r,7r) x ... x (-7r,7r)}. 

In the case J — we will use the notations cs and Us to denote 

cs(d) and UY,(^d), respectively. 

Proof We have that C = n^ejC^, therefore the cone Cj has 
nonempty interior. It is then enough to apply the previous proposition. 
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and to note that, it is possible to choose cj e Cj such that cj — Ca G Cj, 
for all a E J. The corollary follows after we see that 

CJ + cj = (CJ + (cj - c,)) + C CJ + C CJ + c,, 

for all a e J. □ 

Corollary 2.10. For any v e Box(S), ^/ie series 

defines an analytic function in the domain {z, A) e C/s x C". 

Proof. By lemma 2.6, we can find an element 6 e L such that C 
(— 6) +Cs. Hence, the above series is bounded in absolute value by the 
series 

E in 



Lr(Z,-6,- + 7j + A, + l)'- 



The change of variable Xj — > Xj — bj + 7J, implies that, by corollary 
2.9 with J — E((i), the series is absolute convergent for (^, A) e [/s x 
C". □ 

Definition 2.11. Let z = {zi, . . . , Zn) be a point in the open set 
Uy: C C" introduced in corollary 2.9. The T-series with values in 
the completion ofC[K,Yl] is defined as 

Mz„...,z^):^ ^^EII ra.+V + D. + i) ' 

^;6Box(E) leh j=l ^ + 7j + -Lj 

where, as before, 

Dj :— x"^ if ]R>ot'j e E, and Dj :— 0, otherwise, 

and 

for a choice of (arg^i, . . . , arg2;„) e R". 

Proposition 2.12. The series • • • , Zn) defines a map from the 

region U^. C C" (defined in corollary 2.9) to the completion of the 

graded ring 'C[K, S]. 

Proof. According to proposition 2.5, for each v G Box(S), the non-zero 
terms of the series come from I & . We then apply corollary 2.9 by 
setting Xj = Dj, with Dj = x'"^ if M>of j G S, and Dj = 0, otherwise. 
The result follows. □ 
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2.2. GKZ solutions with values in SR— cohomology. The equal- 
ity 

$s(^l, ...,Zn)= ^w{zi, Zn)x'^ 

weK 

holds in the completion of the ring C[ir, S]. Let R be the subring of 
C[K, E] generated by the elements x^^ for R>o'yj € E. We can view 
C[K, E] as an i?-module. 

Definition 2.13. The leading term module M{j3) C C[i^, E] associated 
to the vector /3 and the fan S is the it!-submodule of C[K, E] generated 
by the elements 

x"- W x"^, 

for all relations v + ^vjVj = (3, with v e Box(E), r G Z", such that 
> if M>ot'j ^ E, and a{v) is the smallest cone that contains v. 

For a better understanding of the modules M{P), let us choose P > 
to be the least common multiple of all the indexes of sublattices in Z*^ 
generated by all the possible simplices with vertices among the vectors 
of A. In particular, for any simplicial fan supported on the cone K 
whose rays are generated by elements of A, Pv will be in the semigroup 
generated by the elements of A, for any v in the twisted sector of that 
fan. We fix a fan E. 

Proposition 2.14. A lattice element w ^ NClK has the property that 
x"^ G M(/5) if and only if there exists some integer k > such that 

{(3-w) + kPw 

is in the semigroup generated by all the elements of A. 

Proof. An element w has the property that x^ G M(/3) if and only if 

for some v in the twisted sector of the fan, Uj G Z>o and we only use 
Vj generating rays of some maximal cone a of the fan that contains as 
a subcone the cone ^{v), 

n 

V = QjVj, < < 1, Qj = if Vj is not a ray of a{v). 

Here r is a solution to v + J^j ^j'^j = fj ^ ^) which corresponds to 
the twisted sector where the vectors Vj corresponding to the negative 
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Tj are rays of the maximal cone a. In particular, rj are nonnegative for 
]R>ot'j is not a cone of the fan. 

Choose the positive integer k such that rj + kPqj > 0, for M>oi'j -< 
a{v), and rj + kP -1 > for R>oVj a{y). Then 

(/3 - w)+kPw = 

r,>0 

which proves the only if part of the lemma. 

To show the if part assume that for some integer /c > we have 

{j3 — w) + kPw — Y^ 

where Ij G Z>o and the sum is taken over all the vectors Vj in A. There 
exists a maximal cone a and a corresponding twisted sector v with the 
associated minimal cone (j{v) such that 

w = V + j, Cj e Z>o. 

This allows us to write 

/5 = (1 - kP)v - YikP - l)c,v, +Y.^jv,. 

We can see that in this presentation of /3, for those Vj with M>oi'j 7^ (j{v) 
that have negative coefficients, i.e. —{kP — l)cj-\-lj < 0, we must have 
Cj > 0. Then we can see that w is in fact written as required in the 
beginning of the proof. □ 

Note that the condition that {f3 — w) + kPw belongs to the semigroup 
generated be the elements of A does not depend on the choice of the 
simplicial fan E. 

Recall that C[K°, E] is the ideal of the ring C[K, E] generated by the 
elements x'^ for w e K°. 

Corollary 2.15. 

i) For any P e N, we have that C[K°, E] C M{(3) C C[K, E]. 

zz) IfjSe -K°, then M{i3) = C[K°, S]. 

Proof, i) The second inclusion is true by the definition of the module 
M{f3). To show the first inclusion observe that, for any w G -ftT", there 
exists a small rational number e > such that w — e^^Vj G K. Hence, 
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w can be written as a positive linear combination of all the elements 
Vj with rational coefficients. We use this representation of w and any 
representation of /9 — w as an integer linear combination of Vj to see 
that for a sufficiently large and sufficiently divisible A:, the element 
13 — w + kPw is a positive linear combination of Vj. Proposition 2.14 
then completes the argument. 

ii) It is enough to note that, when /3 e the condition that 

—P + {kP — l)w belongs to the semigroup generated by the elements 
of A implies that w G K° . □ 

Recall that, for any basis (mi, . . . , m^) of Hom(A^, Z), the elements 

Zi^ {mi,Vj)x''^ 

form a regular sequence in C[K, E]. There is only a finite number of pos- 
sible elements of the form Hr <0'^"^ ' i?-module M(/?) is finitely 
generated. As a direct summand of the finite dimensional vector space 
C[K, . . . , Zd)C[K, E], the vector space R/{Zi, Zd)C[K, E] 
is also finite dimensional. Hence, the following holds: 

Proposition 2.16. The vector space 

M{P)/ZM{P) M(/3)/(Zi, . . . , Z,)M{P) 
is finite dimensional. 

As a consequence of corollary 2.15 and proposition 2.12, the C[K, E]- 
valued F-series $s induces a map from the region in U-s C C" to the 
finite dimensional vector space M (P) / Z M {(3) , 

i;eBox(E) ieL 

where each term of the F-serics is interpreted mod {Zi, . . . , Zd)M{f3), 
or modulo {Zi, . . . , Zd)C[K, E], respectively. By a slight abuse of no- 
tation, we will also denote by ^s(^i, • • • , Zn) the same map with values 
in the finite dimensional vector space C[K, T,]/ZC[K, E]. 

Proposition 2.17. For any linear map h : M{/3)/ZM{/3) C, (or, 
h : C[K, E]/ZC[ir, E] — > the function h ■ ^'s(-2^i, ■ ■ ■ , Zn) satisfies the 
GKZ hypergeometric equations corresponding to the set A. 

Proof. The binomial GKZ equations 

(n(^)"-n(|-)-")*-o. 

lj>0 ■' lj<0 ■' 

are satisfied because of the gamma identity. 
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For the linear GKZ equations, note first that, our choice that Dj — 
x'"^ = if 'R>QVj ^ E, shows that 

n 

^{m,Vj)Dj = ^{m,Vj)Dj, 

j=i vj&: 

for any m & M — Hom(A^, Z). Hence 

n Q n 

( - + E ^^-^^^ a^) = ( E ^^■^^■) 

It remains to observe that ^"=1 vjDj is a hnear combination of the 
Zj^s and that, by definition, the ^^{zi, . . . ,Zn) takes values in M(/3) C 

c[k,j:]. □ 

Definition 2.18. We call the induced maps 

: C/s ^ M{P)/ZM{P) 

and 

the GKZ solution map and the SR-cohomology valued GKZ solution 
map, respectively. 

The next result deals with the linear independence of the solutions 
obtained above. 

Proposition 2.19. Ifh : M{P)/ZM{l3) — > C is a linear map such that 
/?, . = 0, then /i = 0. 

Proof. It is clear that solutions induced by elements of M(/3) corre- 
sponding to different elements in Box(S) arc linearly independent, since 
the different fractional powers induce different monodromy behaviors. 

Hence, we can restrict our attention to one element of Box(S) at a 
time. Consider v e Box(E) with 

n 

V — E < < 1, Qj = if ]R>oi'j 7^ cr('f )■ 

i=i 

Assume that there exists an element x G M{j3)/ZM{j3) correspond- 
ing to v e Box(E) such that h{x) ^ 0. Let L be the largest degree of 
such an element. Furthermore, we can assume that x lifts to a mono- 
mial, i.e. X — x'^ mod ZM{l3). Here 
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where '^vjVj = (3, rj = gj(modZ), rij G Z>o, and we only use Vj 
generating rays of some maximal cone a of the fan that contains the 
cone a{v) as a subcone. The non-negative integers rij are zero unless 
Vj G S. 

Let e > be some small positive number. For each j such that 
Vj G S, consider the loop of the form Zj{t) = ee'^^^^ , Zi{t) = e, i ^ j, 
< t < 1. The action of the induced monodromy operator Tj on the 
F-series \E's with values in M{j3)/ZM{j3) is given by exp{Dj). As a 
result, there is a polynomial g{Tj) such that g{Tj)'^^ = Dj'i'-s, for 
every j such that M>ot'j G S. As a result, we have 

llg{T,rh{^^){z)=h([lD;^^^{z)). 
j j 
We now claim that the resulting function is nonzero. 

The definition of the F-serics \E'e(-2i5 • • • • Zn) and the fact that Dj = 
x'"^ are nilpotent in M{f3)/ZM{f3) shows that any induced solution of 
the GKZ system can be written as the product of a monomial in the 
variables Zj and an element of C[Mj^^, logMfc][[Mfc]] where Uk,l < k < 
n — d, are torus invariant variables. As a consequence of this fact, it 
is enough to show that the "Fourier coefficient" of z^, for some r, is 
nonzero. We choose the element r — (ri,...,r„) introduced above, 
with the property that ^ rjVj = (3. 

The "Fourier coefficient" of z'^ in the expansion of h{Y[j Dj^^^{z)) 
is given by 

Notice that the terms that occur in the expansion of the expression 
in the argument of h have degree at least L. Moreover, x'^ is the only 
monomial of that degree that occurs, and it has a nonzero coefficient. 
Since h{x^) ^ 0, the maximal property of L implies that z"^ has a non- 
zero coefficient times h^x"^), so it is nonzero. This ends the proof of 
the linear independence result. □ 

The following result is proved by different methods in section 3.5 of 
[SST]. 

Proposition 2.20. For any (5 E N, 

dim M{(3)/ZM{(3) > Vol(A), 
where Vol(A) is the normalized volume of the polytope A. 

Proof. We view M(/9) as a graded C[yi, ...,yd] module with yi = Zi. 
Since R is finitely generated as a module over this ring, and since 
M{P) is finitely generated over R, M{l3) is finitely generated. By the 
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graded Nakayama lemma, a basis of M{(3)/ZM{(3) can be lifted to a 
set of generators of M(/3) as a module over C[yi, By corollary 

2.15(i), the dimension of the k-th graded component of M(/3) grows as 
a polynomial of the form 

Vol(A)— — + lower degree terms. 

(a — 1). 

Since the dimension of the degree k component of C[yi, yd] grows like 
(^Jl.iy_ + the number of generators of M(/3) is at least Vol(A). □ 

Corollary 2.21. 

i) For any (3 & N, the map 

{M{P)/ZM{P)y ^ Sol{U^) 

produces at least Vol(A) linearly independent GKZ solutions which are 
analytic in Uy,- 

a) If j3 G —K°, the above map produces exactly Vol(A) linearly 
independent GKZ solutions which are analytic in Us. 



3. GKZ SOLUTIONS WITH VALUES IN f^-THEORY 

We first recall some results about reduced toric Deligne-Mumford 
stacks and their i^-theory. According to [BCS], a stacky fan E in the 
abelian group N is defined by a usual simplicial fan in N <S)'M. and a 
finite set of vectors Vj {I < j < n) in N generating the rays of the fan. 
In the context of this work, is always a lattice. 

According to [BH], the Grothendicck group A'o(Ps) is generated by 
the classes Rj of the invertible sheaves Cj corresponding to the one 
dimensional cones of the fan E. Moreover, the ring Kq{¥y) is isomorphic 
to the quotient of the Laurent polynomial ring Z[i?f , . . . , by the 
ideal generated by the relations: 

• Y[%i R'T'"''^ = 1. for all m e M = Hom(Ar, Z), 

• njej(l ~ Rj) = 0) for any set J C {!,..., n}, such that 

X^je/^>o^i riot a cone of the fan E. 
The next proposition is a restatement of the main results of section 5 
in [BH]. 

Proposition 3.1. 

i) The ring A'o(lPs,C) is Artinian. Its maximum ideals are in one- 
to-one correspondence with elements o/Box(E) as follows. An element 
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V — X^j^i^jfj, with < Qj < 1, and qj = z/ M>of j cor- 
responds to the maximum ideal determined by the n-tuple of roots of 

unity {yl, . . . , y^^) G C" with y] = e^^^'^h 

ii) The fCo(lPs)C) is a direct sum of Artinian local rings obtained by 
localizing at maximal ideal corresponding to all elements v e Box(E), 

Hi) There is a natural vector space isomorphism between Ko{¥j2,C) 
and the SR-cohomology ring C[ii', S]/ZC[i^, E]. R is induced by iso- 
morphisms of C -algebras 

{Ko{Fj:, C))„ ^ x"" ■ C[K, E]/ZC[K, E] 

for each element v G Box(S). Here HsR{FT,/a{v),C) denotes the SR- 
cohomology ring of the toric smooth Deligne-Mumford stack induced by 
the quotient fan E/(t(v). 

iv) For any element v G Box(E), with v — J2]=i Qj^'^j ^^^^ < q'J < 1, 
the C-algebra isomorphism 

(Ko(Ps,C)),^//5ii(PsM.),C) 

is given by 

Rj=y]e''\ l<j<n, 

where t/J = e^'^^^j , and Rj and Dj are the generators of the two rings 
corresponding to the vectors Vj. 

A few facts and some notation used in the spectral theory of hnear 
operators on finite dimensional vector spaces are collected in the Ap- 
pendix 6.2. We will use them to construct GKZ solutions associated 
to the set A. 

Assume that the stacky fan E is supported on the cone K gener- 
ated by the elements of the set A, and that Vj G A. In particular, 
consistent with the second set relations that hold in Kq{¥y,), we can 
assume Rj = 1 whenever M>oVj is not a cone in E. The linear operators 
TZj : Ko{Fj:,C) ^ i^o(Ps,C), I < j < n, defined by TZjix) := Rjx, 
are mutually commuting with spectra s{7lj) = {yj : v G Box(E)} 
corresponding to the direct sum decomposition of K'o(Pe, C). We cover 
each root of unity yj {v G Box(E), 1 < j < n) with an open disc Bj of 
radius e > 0, such that any two discs centered at different points have 
disjoint closures, and the origin of the complex plane is not inside any 
of them. The multidiscs :^ x . . . x C have the property 
that B" n B"' = 0, for any two disjoint v, v' in Box(E). 
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For an element v G Box(S), and U C C" an open simply connected 
domain, consider the analytic function (/?:[/ x — > C, 



,ir(^iog^.r, + i)' 

where log^- are arbitrary log branches. The spectrum of the restriction 
of operator TZj to (_K'o(Pe, C))^ consists of the unique value G -BJ. 
Since the function ip{z, r) is analytic for 2; G C/ and r = (ri, . . . , r„) G 
SJ' X . . . X S^, the hnear operator 

^{z,n) : (Xo(Ps,C)), ^ (Xo(Ps,C)), 

is well defined. 

Proposition 3.2. T/ie linear operator 

^{z,n) : (i^o(Ps,C))„ (iro(Ps,C))„ 

is zero, unless there exists a cone cr G S with a{v) C a whose rays 
contain all Vj G A for which ^ log^ is not a nonnegative integer. 

Proof. The result is just a rephrasing of proposition 2.5. For rj G -BJ, 
we can write that 

log. r,- = — 

where ip is analytic in 5J. It follows that, in the domain B^, the function 
(p{z, r) is the product of an analytic function and the analytic function 
rijGjl^i — 1); where J C {1, . . . , n} consists of all j such that ^ log^ 
is a negative integer. 

Theorem Vll. 1.5(b) in [DS] implies that the linear operator Lp{z,TV) 
is then the product of a linear operator and the linear operator 

l[{n,-i). 

According to theorem 3.1 iv), the action of this operator on the space 
{Ko(FY:,C))y is a multiple of the element Yljej viewed as an ele- 
ment in the SR cohomology ring HsR(P^/cr{v),^)- The combinatorial 
definition of this ring provides the final step of the proof. □ 

For some v G Box(E), we make a choice of log branches, such that, 
JiVi + . . . + 7^f„ = P, where 7J := ^logj yj. Corollary 2.10 shows 
that the function 'E'!^{z,r) : Us x B'" ^ C, defined by 

(1) S«(.,r):= n ra. + -Llog.r. + l) 
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is analytic. 

Corollary 3.3. For some v G Box(S), and z G f/s, ^he linear operator 

HM^.K)=j:nr(j-;og,7j,+i)' 

where the summation is taken over all the possible log branches such 
that 

(logi y'[)v^ + ... + (log„ y^Vr, = {27n)p. 

Proof. For a fixed choice of log branches as above, and = ^ logj 
proposition 3.2 implies that the nonzero terms in the summation 

SSr(/, + ^iog,7e, + i)' 

correspond to those I G L with Z G »Ss(7^). □ 

Definition 3.4. The F-sehes with values in K-theory is the map 
'Ey.{.z,1Z) from the region U^, C C" to the space of linear operators on 
KoiFj:,, C). For any z G f/s, the linear operator 7?.) : XolPs, C) — > 

iiro(PE,C) is associated to the analytic function 

with the property that Ss(-2,r) = ^^(-Zj'r), for all v G Box(E), and 
(2;, r) E U-£ X B"" , where 5 is a domain in C" such that 

U B'' dB. 

i;GBox(S) 

Remark 3.5. The definition allows for some ambiguity in in choos- 
ing the domain B and the function Ss(2;, r). However, the operator 
5s (-z,"^) is independent of these choices. 

Remark 3.6. If we regard the X-theory ring A — Kq{¥y.,C) as a 
module over itself, we see that the linear operators TZj : A ^ A, given 
by TZj{x) = RjX are A-module endomorphisms. For an arbitrary com- 
mutative ring A, the map e : End^(A) — > A, defined by e($) := $(1) 
is a ring isomorphism, so we can regard the K-theory endomorphisms 
as X-theory elements. 

Proposition 3.7. For any /3 e N, the T-series with values in SR- 
cohomology (cf. definition 2.18) 

*s(-2) : C/s^C[X,E]/ZC[X,E] 
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can be written as 

^^{z)^Ch{Ej:{z,n){l)), 

where Ch : i^o(Ps,C) C[i<', Ej/ZCf/T, E] is the C-algebra isomor- 
phism between the K-theory and the SR-cohomology ring of proposition 
3.1 Hi), and Hs(^,7?.)(l) : C/s Kq{¥-^,<C) is the is K-theory valued 
V-series. 

Proof. It is clear that it is enough to check the statement for each 
twisted sector v e Box(E). Wc have to prove that 

^^{z) = ch{^l{z,n){i)) 

in (iro(Ps, C)), ^ i75R(PE/a(.), C). 

We have that S|(;^,7^)(l) is equal in {Ko{¥^X))v to 

for a sufficiently large positive integer v. It follows that, as an element 
of i/5ii(FsM.),C), Ch{Zl{z,n){l)) is equal to 

/ , "^l • • • "^n "Sli/H • • • > i/nJ ^"j ■■■ ^"j ■ 

This is the Taylor polynomial approximation of the analytic function 
^^(z, {yle^^, . . . , y^e^")) around the origin £)i = = = 0. Note 
that 

as analytic functions with z & Uj^ and {Di, . . . , D^) in a neighborhood 
of the origin in C". Hence, the above Taylor polynomial is equal to 
^s(-2) when viewed as elements of Hsfi{¥Y,/a{v)i'^)- D 

Corollary 3.8. For any P E N, the mirror symmetry map MS^ '■ 
(i^o(Ps,C))^ ^ SoI{Uj:) given by 

M5s(/):=/(Hs(^,7^)(l)) 

produces GKZ solutions which are analytic in U-£. 

Remark 3.9. The dimension of the space of GKZ solutions with val- 
ues in i^-theory or S'i?-cohomology is generally not easy to calculate 
or even estimate. Moreover, the i^T-theoretic meaning of the leading 
term module M(/3), for general /3, is unclear but it is perhaps worth 
investigating. 
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4. Analytic Continuation of Hypergeometric Series 

Consider an oriented edge of the secondary polytope starting at the 
vertex of the secondary polytope corresponding to some regular trian- 
gulation T+ and ending at the vertex corresponding to another regular 

triangulation 71, and let and E_ be the induced fans supported 
on the cone K. In order to ease up some of the heavy notation, in this 
section and the next one, we will usually replace the subscript S-t by 
±. For example, we will write S±{'^) instead of S-s^{'y). 

Theorem 2.10 in [GKZ] shows that there exists a circuit / (i.e a min- 
imal linearly dependent set of elements) in A determining an integral 
relation of the form 

hivi + . . . + hnVn = 0, h= {hi, ...,hn) eh, 

with / = /_|_ U /_ , where 

/+ := {vj : hj > 0}, /_ := {vj : hj < 0}, 

such that the triangulations are both supported on the circuit / and are 
obtained by a modification based on the circuit / (see pages 231-233 in 
the book [GKZ] for detailed explanations). Moreover, each of the fans 
E± has the property that, for every subset C ^\ /, if (/\fo) are 
the rays of a maximal cone in S± for some Vq E I±, then the elements 
of JFU {I\v) arc the rays of a maximal cone in E± for any v G I±. Such 
a subset JF is said to be a separating set for the fans S±. Furthermore, 
the modification is obtained by replacing the set of all maximal cones 
generated by sets of the form JF U (J \ f ) {v G /+) of S+ with the 
set of all maximal cones generated by ^ U (/ \ v) (v G /_), with a 
separating set. 

Definition 4.1. We say that a maximal cone of the fans Sj- generated 
by a set of the form T U {I \ v) , with T a separating set and v G I±, is 
essential. We denote by '^±{d) the sets of essential maximal cones of 
the fans Ti±. 

We assume that the element h — {hi, . . . , h^) G L is primitive in 
L, i.e. it is not a non-trivial integral multiple of any other clement in 
the lattice. This means that L/ {h) is itself a lattice. We introduce the 
notation 

L' -.^h/lfi), 

and let p : L ^ L' denote the canonical projection. 

Definition 4.2. For any r = (ri, . . . , r^) G (C*)", we denote by X(r) C 
C* the finite set of complex numbers t such that rjt^^ — 1 for some j 
with Vj G 
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Remark 4.3. For a given r = (ri, . . . , r^) G (C*)", note that any two 
values t,s E X{r) such that {rit^'^, . . . , Vnt^^) — (ris'^^ , . . . , r^s'^"), are in 
fact equal. Indeed, since rj are nonzero, we have that t^^ = s^^ for all j. 
But (/ii, . . . , hn) G L is primitive, so we can find integers di, . . . ,dn such 
that dihi + ...+ dnK = 1- Then t = t'^ihi+...+dr,hr. ^ gdihi+...+d„hr. ^ 

Let Box(Sj?) C Box(S-i-) be the subsets consisting of those elements 
V e Box(S±) with the property that the minimal cones containing v in 
E± are subcones of one of the maximal cones in S^f (o?), respectively. We 
now describe the effect that a modification has on the corresponding 
twisted sectors. We use the notation and the results of Proposition 3.1 
i). 

Proposition 4.4. 

^) 

Box(E+) \ Box(E;^) = Box(S_) \ Box(E!!). 
Moreover, for any element v & N belonging to the two sets above, with 

n 

QjVj, <qj <l,qj ^0 ifM^oVj (t{v), 

the minimal cone a{v) containing v is unchanged under the modifica- 
tion. Moreover, the corresponding sets of n-tuples of roots of unity 
{yi, . . . , 1/^), yj = e^'^*^^', are also unchanged, 
ii) For any v e Box(E^), with 

n 

V = QjVj, < Qj < 1, Qj — ifR>oVj 7^ a{v) e E+, 
i=i 

and y] = e^''*^^ the n-tuples {y^t''\ . . .^ylt^'^) G (C*)" with t G X(y''), 
determine maximum ideals o/ii'o(Ps_, C) corresponding to elements of 
Box(El*). Moreover, any n-tuple of roots of unity induced by some ele- 
ment o/Box(El*) is obtained in this way, for appropriate v G Box(E^) 
andt eliy""). 

Proof, i) For any v G Box(E+) \ Box(E^*), we have that a{v) is a 
subcone of a maximal cone of E+ that survives the modification. Hence 
a{v) is also a cone of E_. We still have to show that v ^ Box(Ei*). For, 
assume that a{v) is a subcone of maximal cone a G Ei*(c?) that changes 
under the modification, and the rays of a consist of the elements of 
U (/ \ f_) for some separating set and f_ G /-. Since a(v) is 
a cone of E+ and the elements of /+ do not generate a cone in this 
fan, there exists some vector 1;+ G /+ which does not generate a ray of 
(T(t'). Hence T \J {I \ v+) is a maximal cone in E^(d) containing a{v) 
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as a subcone. But this is a contradiction with our starting assumption 
that V ^ Box(E^*). The roles of E_|_ and E_ can be reversed, and the 
statement follows. 

ii) First, consider some n-tuple {y^, . . . corresponding to an el- 
ement V e Box(E!jf). We show that the n-tuple {ylt^^, ■ ■ ■ ,ynt^") with 
t E C a, root of unity such that y'^t^' — 1, for some i with Vi e /_, 
corresponds to an element of Box(E!*). For, note that there exists a 
maximal cone a G ll^_^{d) generated hy J-\J{I\'w) for some separating 
set T and such that 



Choose a rational number G Q such that qi -\- qhi E Z, for some i 
with Vi G By adding the linear relation qhiVi -|- . . . -|- qhnVn = to 
the above expression of we can write that 



where qj + qhj G Z, whenever Vj ^ T U {I \vi). Since the elements of 
JFU {I\vi) generate the rays of a maximal cone in Ei(d), wc conclude 
that {ylt^^, .... ynt'^"-), with = e^''*^^ , t = e^''*^, corresponds indeed to 
an element in Box(El^) which differs from v by an integral linear com- 
bination of the vectors Vj G A. This shows that, for any v G Box(S^*), 
the procedure described in the second part of the proposition produces 
a subset of Box(E'i*). We still have to show that the union of all these 
subsets, for all v G Box(S'^*), is equal to Box(Sl'*). 

It is enough to show that, after starting with an n-tuple of roots 
of unity {y^, . . . , y^) corresponding to some element v G Box(E^) and 
applying the above procedure from Box(E^*) to Box(Ef*) and back, 
the n-tuple is recovered. Note that for such an n-tuple 

there exists an element Vi G /+ such that = 1. It follows that, if 
{y^t^^^ , . . . ,y^t^") (for the appropriate i G C) corresponds to an ele- 
ment in Box(Ei"), then {ylt^^{t-^f\ . . . .ylt^^it-^f"^) in Box(E^^) is 
an allowed choice under the procedure, since y 

v^K^^-i^i = yv = 1^ with 
Vi E I+, as noted above. This ends the proof of the proposition. □ 

For an element v G Box(E_|_), consider the associated y'" G (C*)". 
Choose n log branches, all of which are denoted log_,_ by a slight abuse 
of notation, such that j^Vi -|- . . . -|- 7^fn = P, where 



n 



V — 




n 
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We now choose a branch of logt, and for any t G I{y'"), we set 

7j(t) ■.= ^] + h,logt. 

We still have that 7{'(t)t;i + . . . + 'jl!,it)vn = 13. For each t G liy"), it is 
possible to find log branches that will be denoted log_ such that 

We now exhibit some special subsets of the sets <S±(7) C L intro- 
duced in definition 2.3. 

Definition 4.5. For an arbitrary 7 = (71, . . . , 7„) G Q", we define the 
set <S|f (7'") C L by the property that / G L belongs to 5^* (7) if there 
exists a maximal cone a G T/^^{d) such that all the elements of Supp(Z) 
with respect to S-t and 7 generate rays of a. 

When there is no danger of confusion, we will simply talk about 
Supp(/) with no mention of the fan and the element 7. 

Proposition 4.6. For any v G Box(S+), with YiYi^) ^ ^iv^)) 
chosen as above, the following are true: 

i)Ifli liv^), then 5-(7-) = S+iY). If I e I{y-), then 7^(1) = 7^ 
and 

a) Under the natural projection p : L L', the images of the sets 
'5^*(7^) and S^{j'"{t)) coincide, for any t G Tiy"). 

Proof, i) Assume that there exists / G 5+ (7^) \ {'')'"). This means 
that there exists a maximal simplex a G such that all the vectors 
in Supp(/) generate rays in a. Since any such simplex a is unchanged 
under the modification, and the rays of a{;v) are in the support of /, we 
see that v G Box(E_) since a G E_(o?). Hence I G 5- (7") and 1 G T{y'') 
with 7^(1) = 7^ 

We still have to show that, if I G ^+(7^) \ 5;"(7"), then / ^ S^_!{-^''). 
For, assume that there exists a maximal cone a' G a' whose 

rays are generated by the elements of U (/ \ v), v G /_, such that 
the elements of the support of / generate rays in a. Note that, since 
/ G 5+ (7^) and the elements of /+ do not generate a cone in E+, there 
must be some i with Vi G /+ such that U + G Z>o. This means that 
the elements of the support of / generate rays of the cone of E^(d) 
generated by JF U (/ \ v.i). However, this contradicts the assumption 
that / ^ SX'iY)- With this, we have proved that ^+(7^) \ Sl'{Y) C 
S-{'~^'") \ iSi*(7"). The inverse inclusion is obtained by employing the 
completely analogous argument with the roles of Ej. reversed. 
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ii) Given / G L, the elements of the fiber (]?(/)) consist of elements 
of the form I + mh with m e Z. 

Let / be an element of <S^*(7^). This means that the vectors Vj 
such that Ij + 7j ^ Z>o are among the elements of a set of the form 
^ U (/ \ Vi) with T a separating set and Vi e /+. In particular, we 
see that the minimal cone of E+ that contains v is itself contained 
in a maximal cone of S_|_ that gets replaced under the modification. 
Hence v G Box(S^'*). According to proposition 4Aii), given t G T{y^), 
the n-tuple {y'^t^'^ , . . . . y]'J:^") corresponds to an element in Box(Sl*). 
Therefore, there exists some Vk G /_ such that = 1, so ■jl{t) = 

We can choose an integer m « such that (Ik+mhk) +7fc(i) G Z>o. 
As a consequence, the set Supp(/ + mh) is a subset of JF U (J \ Vk)- But 
the elements of the latter set generate a maximal cone in Ti'^J{d), so 
l + mhe cS!.*(7^(t)). We have shown that S^'iY) C St'iYit))- 

The inverse inclusion is obtained by reversing the roles of E± and by 
replacing t with t~^. The result follows. □ 

For any i G L, we define the integers m+(Z), m_,t(Z), t G I{y^), to be 
(2) 

m+(Z) := min{m G Z, m/i^ + Ij + 7j G Z>o, for some j, Vj G /+}, 

■m-^t{l) '■— max{m G Z, m/ij + I'j + 71 (t) G Z>o, for some j, G /_}. 

For any w G Box(S+) and t G T{y^), there exists some j', j" with vjr G 
I+,Vj" G /_ such that 7j/,7j//(t) G Z. Hence, the functions m^jin^^t '■ 
L — >■ Z are well defined. Moreover, they are are piecewise linear with 
a finite number of linear restrictions. 

Proposition 4.7. Let I he an element of the lattice L such that p{l) 
belongs to the image of the sets S^{'y^), S^{'y'"{t)) under the projection 
p : L ^ L'. 

The element mh + 1 G L belongs to ^^''(7'') if and only ifm> m+{l), 
and to S'L^ {'-/'" (t)) , t G 1{y^)^ if and only if m < m^^t{l)- 

Proof. If m < m+(/), then mhj + Ij + 7J ^ Z>o, for all Vj G /+, so /+ 
contains all the elements of Supp(m/i + I). But the elements of /+ do 
not generate the rays of a cone in E+, hence mh+l ^ S^{'y'"). A similar 
argument shows that, for t G we have that mh + I ^ S^{'y'"{t)) 

if m < m^^til)- 

If m > m+(/), let i be such that mhi + 1% + G Z>o. Since p{l) is 
in image of S^{;^'") under the projection p : L — > L', we conclude that 
the elements Vj & A\I such that Ij + 7J ^ Z>o form a separating set 
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T . Hence JF U (/ \ {fi}) are the rays of a maximal simplex in 
so mh + I e «S^*(7^). A similar argument shows that, for t e 1{y"\ 
if m < m^^til), then m/i + I e S^{'y'"{t)). This ends the proof of the 
proposition. □ 

Remark 4.8. If w G Box(S+) \ Box(S^*), any maximal cone of S+ 
containing (T(f ) is left unchanged by the modification. Since for any / G 
Sl%Y) we would have that a{v) -< M>oSupp(/) ^ a with a G ^+{d), 
we conclude that S^{'y'") — 0. Moreover, by proposition 4.4i), we also 
have that v G Box(E_) \ Box(Ei^) and 1 G T(y^) with 7^(1) = 7^ 
Hence 

5+(7'') = 5_(7^) and 5;^(7^) = ^^^(7'') = 0. 



We are now ready to describe the analytic continuation of the ana- 
lytic function S!j.(z,r) : C/+ x — > C given by (see (1)) 

As mentioned above, in order to simplify our notation, we choose to 
denote the n possibly distinct log branches with the same symbol log^ . 

Remark 4.9. For the given v G Box(E+), the open domain f/+ x 
in C" X C" has been defined in section 3, and we choose the branches 
log+ such that 

5+(7") C C+. 

The existence of such a choice follows from corollary 2.7. 

It will also be useful to consider the analytic function {E'^Y^{z,r) : 
C/+ X ^ C given by 

(3) {^irM= U rn I 1 1 TTT- 

As above, for each t G 1{y^)i we can choose n log branches such that 

^ log_(yji'^0 = 7j(^) = 7j + logi, 

where log t is a fixed choice of branch. 

The analytic functions 'Ey}:^\z,r), {E'"J:^^y-''{z,r) : f/_ x B'"^*^ C are 
then defined analogously, for t G T{y^) such that there exists a corre- 
sponding twisted sector v{t) G Box(E_) associated to {vit^^, ■ ■ ■ , Vnt^")- 
Proposition 4.4 shows that such v{t) exists for i 1 G I{y'") when 
V G Box(E+) \ Box(E^^), and for all t G when v G Box(E^^). 
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The analytic continuation will be performed along a path of the form 
(z{u),y'") starting at a point {z^, if) in x B'" and ending at a point 
{z^.y'") in f/_ X . The path z{u) = (^i(ti), . . . , is defined so 

that, for all M, < M < 1, 

aigZjiu) = aTg{z+)j = aYg{z_)j, 

log I {zj {u)\ = {l-u) log I {z+)j I + -u log I {z_)j I 

for all j, 1 < j <n. 

The points z± e U± are chosen such that the conditions Al)-A3) 
are satisfied. 

Al) According to corollary 2.9, the domains C/± C C" have the form 

{{zi,...,zn) e C" :(-log|zi|,...,-log|^„|) eCl + c±, 

(arg2;i,...,arg2;„) e (-7r,7r) x ... x (-7r,7r)}, 

for some appropriate c± E C^. Since the cones and are adjacent 
in the secondary fan, and the common facet is included in a hyperplane 
determined by the element h = {hi, . . . , hn) G L, we can choose the 
points z+ = {{z+)i, {z+)n) e U+ and Z- = {{z-)i, {z-)n) G U-, 
such that 

arg(z+)j = aTg{z_)j, - log \{z+)j\ + log |(^_)j| = Ahj, A > 0, 

for all j, I < j <n. 

A2) The points z± such that (- log |(2;±)i|, . . . , - log |(2;±)„| e Cj + 
cj, where J is the set of common maximal simplices of E±, and Cj — 
"^^^jCcr- The element cj, which is located deep inside the cone Cj, 
and the associated open domain Uj C C", are provided by the results 
of corollary 2.9. By convexity, for any point z{u) on the analytic con- 
tinuation path, we see that (— log \ zi{u)\, . . . , — log \ zn{u)\) G Cj + cj. 

A3) The analytic continuation path is chosen so that, along the path 
z{u), we have that — 27r < argy[u) < 0, where the complex number 
y{u) is given by 

n 

Note that, at least for — tt < &xgZj{u) — arg(2_|_)j = arg(^_)j < 0, we 
have that 

iXYgy{u)= hjaxgzj{u)+ ^ /ij(7r + arg^j(M)) < 0, 

which shows that it is possible to choose the points z±m U± such that 
the argument of y{u) is between — 27r and for all < w < 1. 



28 LEV A. BORISOV AND R. PAUL HORJA 

Theorem 4.10. 

i) For any v e Box(E_|_), the function E'^{z,r) — (S^)^*(z, r) is an- 
alytic in the open domain Uj x B^, and the open domain Uj contains 
the sets U± and the path z{u). 

If I ^ 1{y^)-i the function is identically zero in the domain Uj x B'" . 
If 1 & 1{y^)-i then the analytic functions S!j_(^, r) — {^\Y^{z,r) and 

S!.^^^(-z,r) - (S!.^^^)^^(z,r) are equal for all {z,r) E Uj x B\ 

ii) For any v G Box(S'^*), the analytic continuation along the path 
{z{u),y") of the germ of the analytic function r) at {z^,y") G 
t/+ X B" is given by the germ at {z-,y^) E U- x B^ of an analytic 
function defined as follows. 

If 1 ^I{y'"), the function can be written as 

- I T{r,i)iE^_^'Yiz,ri'^)di+ J] {1 - rj') <Piz,r). 

If 1 E the function can be written as 



J2 I T{rM^''l'Y{zM'')di 



Here, the integration kernel T{r, i) is defined by 

T(r i) - TT 

^ ' ^ ■ 27ri(t-l) ^\ l-rjH-^^' 

(j){z,r), ip{z,r) are analytic functions on f/_ x B'", and the contours 
Ct are disjoint circles in the t-plane centered at the points t G X{y'"), 
counterclockwise oriented, such that, for r G B"", all the poles ofT{r,i) 
are contained inside the discs bounded by the contours Ct- 

Proof i) The series representation of the function r) — {Ey^Y^{z, r) 
is 

n .'.' + 277 ^'j 

i&s+'^si'ir) ^^^^ ^ 2^ ^^^+ ^ 
If 1 ^ T{y'"), then by proposition 4.6i) we have that iS+(7^) \ S^{'^'") = 
0, so the function is identicaUy zero indeed. 

According to the same resuh, if 1 G I^y"")^ then 5+ (7^) \ 5^'^ (7") = 
5_(7^) \ (Sf*(7''). For any / in these sets, there exists a maximal cone 
(7 belonging to both E_|_ and E_. We can apply corollary 2.9 for both 
fans E-t and J their common subset of maximal cones. Condition 
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A2) imposed on the analytic continuation path z{u) ensures that, for 
< u < 1, the point (— log ■ ■ ■ , — log |2;„(it)|) E Cj + cj. Note 

that the branches \og_^rj arc identical for (ri, . . . ,r„) G -B^. It follows 
that the functions "^^{z, r) — r) coincide on Uj x B'" , with Uj 

the open domain in C" provided by corollary 2.9. 
a) To simplify notation, we set 

1 

For any / G L, was defined as the minimum integer m such 

that mhj + Ij + 7J G Z>o, for some j with G /+ (cf. formula (2)). 
This shows that m+(/ + mh) = m+(/) + m for any / G L and m G Z. 
In particular m+{l — m+{l)h) = 0, and m+{l — mh) ^ for any other 
integer m such that m ^ m+{l). 

Hence, we can define the piecewise linear injection t : L' — > L by 

(4) l(p(1)) -.^ I - m+(l)h. 

Note that pot — Idj^i. We have that m+(t(p(Z))) = 0, and i{p{l)) is 
the unique element of the fiber p~^{p{l)) with this property. For any 
Z G L, it will be convenient to introduce the notations 

r := i{p{l)), 

and 

S' := i{p{Sl^{Y))) = i{p{S!!{ntm,te X{f). 
We see that 

m+{l') = 0, for any G S' . 

It is worth noting that, for any / G S^{Y)) we have that V = i{p{l)) 
belongs to (7^). This is an immediate consequence of proposition 
4.7, since m^{l') = 0. Moreover, the choice of the branches log_j. ac- 
cording to remark 4.9 shows that 

S' c (7'') C C+. 

For any I — mh + Z' G L and any A G C'^, we can write that 

(5) 

n,>,e/- (sin(-7rA,)/7r)r(-m/i, - I', - A,) .^^^^ ^ H,.m 

n,..,^._ nmh, + 1] + A, +1) ^ 11 ^ ^ ■ 

Since r G -B^, we see that the values of the parameters Xj are locahzed 
around 7J such that the only possible integer value for each Xj is 7J. For 
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II A — 7^11 < e, consider the Mellin-Barnes integral (of the type analyzed 
in lemma 6.6) 



1 



a+ioo 



with the integrand /(s) given by 

nj,.,ei-iM-^^j)/^)^{-sh, - - A,)r(-.)r(i + s) 

n,,.,^7_ nshj + 1', + A, + 1) 

where 

the path of integration is parallel to the imaginary axis, and a is a 
strictly negative real number such that e < |a| < 1. In particular, the 
contour avoids any poles of the integrand. The hypotheses of the lemma 
6.6 are satisfied, with H — 2 and P — 0. The integral is absolutely 
convergent and defines an analytic function of y for —271 < axgy < 0, 
and is equal to the sum of the residues at poles on the right of the 
contour for \y\ < p, and to the negative of the sum of the residues 
at poles on the left of the contour for \y\ > p, where in this case 

This special form of the Mellin-Barnes integral has been chosen such 
that the residue at any pole s = m G Z is exactly the last line of formula 
(5). The other poles of the integrand I{s) are the poles of the product 
Ilj,v ei- - - ^j)- Set s ^m + e,m eZ, with 

where the branch log t is the one chosen above, and we have that 
1 

for t G 1{y^)- We see that each pole of the integrand is the sum of some 
m G Z and a complex number 6 such that Xj + hjO G Z, for some j 
with Vj G /_. This is equivalent to the condition that 

^(log+rj + logt) = ^ log_(r,£''0 e 

for some j with Vj G Let 1(r) be the set of such vahics t. 

Recall that the set I{y^) consists of those roots of unity t that satisfy 
2^ log_ ) G Z, for some j with vj G /_. Note that for values 
r G (C*)"^ in an open infinitesimal neighborhood of y'" G (C*)", the 
elements of the set X(r) are clustered around the elements of X(y^). 



T^log_(l/Jt"0=7jW=0^ + ^logt, 
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More precisely, for each t G X(|/^), we can choose mutually disjoint 
discs centered at t, such that any element of the set I{r) is contained 
in one of these discs. For each t G X{y'"), the contour Ct is the boundary 
of the corresponding disc. If 1 G T{y^), we choose the circle Ci centered 
at 1 which contains only the pole t = 1 inside. 

The MeUin-Barnes integral {2m)I introduced above is then equal to 



E E 

te{l}UX(y'') m>0 



n,-.,^7_r(/i,(m + ^) + /;. + A, + l) 
• r(-m - ^)r(l + m + ^) {e'^y)'^^' 



2mt 

when \y\ < p, and to 

n„5«-(siri(-7rA,)/,r) r(-A,(m + 9) - /; - A^) 



E E 

te{l}UX(j/'') m<0 



n„.,^7,r(/i,(m + ^) + /; + A, + l) 
■r{-m-e)T{l + m + 9){e'''yr+' 



2mV 



when \y\ > p. Of course, the closed contours Ct avoid all the poles of 
the integrand when A is localized near 7*". 

In both direct application of the F-identity, shows that, for 

each m G Z, the above integrand in t is equal to 



7re 



-iirO / -i\—hjm-l'- 



n 



lyhjm^i^ sin(-7rAj) 



27ri sin(— TT^) . -'--^ sm{—n {\j + hjO)) 

JjVj^l — 



liF(/i,(m + ^) + /;. + A, + l)^ 



1 



J- 



^J{h,{m + e) + l'^ + X, + l) 



n hj {fn+0) 



^l^Y{h,{m + e) + l'^ + X^ + iy 

where, by the statement of the theorem, the function 27riT(r, t) is equal 
to 

j,vjei- j,vj&i- ^ 
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Therefore, the Melhn-Barnes integral / introduced above is equal to 
(-1)" 



■y ■ =r I'- 



3^ 

■ E EX/(M)n r(ft,(„ + ^) + ,;. + A, + 

tG{l}Ul{y^)m>0'"^* j=l ^ / ' J ' 1 ' I 

when 1 7/ 1 < p, and to 



■ E E n r(A,(„ + g) + i; + A, + 1) ''*- 

when |?/| > p. It follows that the analytic continuation of the sum of 
the former series along the path z{u) is the sum of the latter series. 

Recall now that the cones Ci_ and C\ have a common facet (maximal 
dimensional face) which we denote by C It is the unique facet of the 
cones orthogonal to the element G L. In order to proceed with 
the analytic continuation, we need two lemmas. 

Lemma 4.11. For any real constants /c, A > 0, there exists an element 
c deep in the interior of the cone C such that, for any I' & S', we have 
that 

{u,l') > k\\l'\\, 

for any u G C + c + a, and any a e L ® M with \\a\\ < A. 
Proof, (of the lemma) Note first that 

{a,l')>-A\\l'\\, 

since ||a|| < A. 

The dual of projection p : L — > L' is a lattice embedding (L')^ ^ 
such that the image of (L')^ ® M is the hyperplane in ® R generated 
by the cone C. Hence, with a slight abuse of notation, for any x e C, 
we can write that 

{x,l') = {x,p{l')), 

where we use identical bracket notations for the pairings between L"^ 
and L, and (L')^ and L', respectively. 

As noted above, the choice of the branches log+ implies that S' C C+, 
which shows that 

p{S') C p{C+) C C L' R. 
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For any constant M > 0, we can then choose an element c deep enough 
in the interior of the cone C (see the end of the proof of proposition 
2.8) such that, for any x in C + c we have that 

{x,p{l'))>M\\p{l')l 

for any V e <S'. But V — i{p{l')) where the piecewise hnear injection 
i : L' ^ L has been defined by formula (4). Hence, there exists a 
constant K > Q such that 

ib(oii>^iini- 

We conclude that for an appropriate choice of the element c e C we 
have that 

{x,l')>{k + A)\\l'l 
for any x e C + c and I' E S'. The lemma follows. □ 

Lemma 4.12. There exists a value ^4 > 0, and an element c & C, such 
that the set 

Va := {C + c + a, ||a|| < A}, 
intersects the sets + c±, and, such that the integral 

/a—ioo " , 

is absolutely convergent, and defines an analytic function of {z, r) in an 
open domain containing the region U x B'" defined by the restrictions 

U :^{z ^ {zi, . . . , Zn) e C" : (- log |^i|, . . . , - log |z„|) e Va, 

-27r < argy < 0, (argzi, . . . , argz„) e (-7r,7r) x ... x (-7r,7r)}, 

where, as before, 

n 

Proof, (of the lemma) The proof of the lemma is very similar to that 
of proposition 2.8 and its corollaries. The definition of Va, as well as 
the the restriction A3) imposed on the path z{u) show that U is an 
open set in C". Moreover, it is clear that by choosing a large enough 
> we can ensure that the intersection of Va with the sets + c± 
is non-empty. 

The hypotheses of lemma 6.5 are satisfied. Hence, on the line s = 
a + it, t e M, the absolute value of the integrand is bounded above by 
a positive constant multiple of 

\y\^e-^^+^^y^\\t\ + l)«+"/2e-l*l J^i'^^kf'h^''^'''^^'^^ , 

I'eS' 
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where i? > is a positive constant determined by (ri, . . . , r„). 

As in the proof of proposition 2.8, the above estimate ignores the 
factors Zj\ Lemma 4.11 allows us to choose c deep inside the cone C 
such that there exists some e > 0, for which 

(4eA;)ll''llei:'iiogk.l <e-e|in^ 

for any I' e <S' and z E U. The argument restriction on y insures the 
absolute convergence of the integral. □ 

Note that the region U C C" defined in the previous lemma imposes 
no restrictions on \y\, i.e. U contains points z = {zi, . . . , Zn) whose 
associated coordinate y has an absolute value that is arbitrarily small 
or large, as needed. This observation allows the analytic continuation 
procedure between the regions \y\ < p and \y\ > p to be performed 
along the path z{u). 

Hence, lemma 4.12 implies that the analytic continuation along the 
path z{u) from the subdomain \y\ < p olU x B'" ol the series 
(6) 

^ E E j ^(^' ^) n T{hAm + 9) + I' + Xj + 1) 

to the subdomain \y\ > p oi U x B'" , is the series 
(7) 

^ „ n ^hj{m+e)+ir+Xj 

...S,,., S S L S r(/.A A, + 1) 

For convenience, we introduce the notation 

PM', m) / T(r, t) TT , ^ r dt. 

Lemma 4.13. For any t e 1{y'"), the series 

I'eS' 0<m<max(0,m_,t(Z')) 

is absolutely convergent for {z,r) & U x B^, and defines an analytic 
function in the domain U xB'". The integers are m^^t have been defined 

by formulae (2). 

Proof, (of the lemma) For any t G T{y^), the scries S-^t is absolutely 
convergent in the subdomain oiU x B^ characterized by \y\ < p, since 
it is a subseries of the series (7) which is absolutely convergent in that 
region. Moreover, by proposition A.dii) we have that p{S^{'y'")) — 
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p{<S^ il" {t))) , so, if /' G S' and m < m_,t(/'), proposition 4.7 shows that 
l+mh e S^{'y'"{t)). Hence, the series S^^t is a subseries of the absolutely 
convergent series in the subdomain \y\ < p obtained by integrating 
over Ct the series defining the function ri"_^^\z , ri^) . In conclusion, the 
absolute convergence of S^^t is independent of the magnitude of y, 
therefore it holds everywhere in U x B'" . □ 

As a direct consequence of lemma 4.13 we see that, for any t e 1{y^)-i 
the analytic continuation along the path z{u) from the subdomain |y| < 
p olU X B'" oi the series 

(8) EE E ^*(^>^)' 

I'eS' m>0 tel{y^)\{l} I'eS' m>max(0,m-, «(;')) 

to the subdomain \y\ > p oi U x B'", is the series 

(9) -J]^A(/',m)- J2 H E ^*(^»- 

I'eS' m<0 teT{y^)\{l} I'eS' m<max(0,m_,t(r)) 

It is important to remember that, for any I' e <S', we have that m+{l') ~ 
0. 

Note that, if f e X(y^) \ {1} and m > m_^t(r), then the function in i 



hj{m+0)+l'.+Xj 



has no poles inside the contour Ct- Hence, the second term in the 
formula (8) is always zero. Furthermore, the second term in formula 
(9) is equal to 

If 1 ^ I{y'"), the function (10) has only the simple pole i = 1 inside 
the contour Ci, for all integers m. Hence, in this case, the series (8) is 
equal to (S^)^''(z, r). 

Moreover, if 1 ^ T{y'")^ and m < = m+(/'), the residue of the 
function (10) at t = 1 can be written as a product of an analytic 
function on C"^ x B^ and the product nji;je/+(l ~ ^7^)" Hence, in this 
case, the first term in formula (9) is of the form 

with (f){z,r) an analytic function on C/_ x B^. This proves part ii) of 
the theorem in the case 1 ^ 1{y'")- 
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Let's now assume that 1 G I{y''')- We only have to analyze the first 
terms in the series (8) and (9). Note that, if m > m_^i(Z'), then 

„ mhj+l'j+Xj 

It is convenient to introduce the notation 

n mhj+l'j+Xj 

We proceed with a case by case analysis according to signs of the 
integers m_^i(Z'). Namely, we write the set 5' as a disjoint union of the 
subsets »Si and S2, where 

Si := {I' e S' : m_,i(0 > 0}, 

^2 := e S' : m_,i(r) < 0}. 

The terms of the series ^^/g^/ Z]m>o (^^® ^^^^ ^^^^ 
series (8)) coming from I' e Si add up to 

I'eSi m>0 0<m<m-,i{l') 0<m<m-,i{l') 

The terms of the series J2i'£S' Srra>o coming from I' e ^2 add 

up to 

Z'e52 m>0 

The terms of the series — J2i'eS' X]m<o ^) (^^^ ^^^^ ^^^^ 
series (9)) coming from /' e 5i add up to 

i'eSi m<0 

The terms of the series — X^z'gS' X]m<o ^) coming from I' e ^2 
add up to 

-E( E E ^(^'.^))- 

i'e52 m<jTt_,i(«') m_,i(Z')<m<0 

Note that, since m+(Z') — for all Z' e 5', the second part of this series 
is of the form 

j,vjei+ 

where (fii{z,r) is an analytic function in the domain C/_ x B'". 
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When we put everything together, the series (8) is equal to 

-E E m':m) + j2 E 

I'eSi 0<m<m_,i{«') I'eSi 0<m<m_,i(/') 

It is important to note that lemma 4.13 implies that the last terms of 
the previous formula define analytic functions in U x B^, so they do 
not change under analytic continuation. 
The series (9) is equal to 

-EE^i(^»-E E Pi{l',m)+ H {l-rT^)Mz,r). 

l'eSim<0 l'eS2m<m-,i{l') 

It follows that the analytic continuation along the path z{u) from the 
subdomain |y| < p of C/ x S'' of the series 

(s+r(^,r)= E E^(^''H 

to the subdomain \y\ > p of U x B"" , is the series 

E E m',m)- E E 

I'&Si 0<m<m-,i{l') l'eSiUS2 TO<m_,i(Z') 

+ n (l-"7')^i(^'^)-2^ E / T(r,t)(S!.(*)r(^,rt^)rft 
we/+ tei{y-)\{i}'^'^* 

Moreover, for {z, r) e U^xB'", there exists an analytic function ip2{z, r) 
in [/_ X B^, such that 

E E i?(/',m) = (S!.(*)r(^,r)+ n (l-^7')^2(^,r), 

l'eSiO<m<m-,i{l') j,vjel+ 

where 

EE+E E )i?(/',m) = - n (i-^7')<^2(^,r). 

I'eSinKO l'eS2m<m-A{l') 

The proof of the theorem is then finished if we note that 

di. 



Fe5iU52 m<m_,i(r) '' '^^ 



□ 



38 



LEV A. BORISOV AND R. PAUL HORJA 



Let 

B:^ [j B\ 

t;eBox{S+) 

Consistent with definition 3.4, we define the functions 

S+, (S+)- :U+xB^C, 

such that E^{z,r) = S!j_(^, r), {E^y^{z,r) = {E'^Y^{z,r), for all v e 
Box(E+) and {z,r) e U+ x B'" . We also define 

t)eBox(S±) 

such that r) = E^{z,r), (E^Y'^{z,r) = (EZ.Y^{z,r), for all v G 

Box(E±) and {z,r) e U- x B" . For v e Box(E+) \ Box(E_), we set 
'Ey_ — [E'"_Y^ — 0. This choice is consistent with the freedom in choosing 
the function S_ discussed in remark 3.5. 

Let X C C* be the set of roots of unity of a large enough order 
such that lijj'") C X for all v G Box(E+). When t ^ X(?/^), we see that 
_ ^{i)Ys _ g \Yith these conventions, the results of the theorem 
can be expressed in a more convenient way as follows. 

Corollary 4.14. 

i) The function r) — r) is analytic in the open domain 

UjxB, and the open domain Uj contains the sets U± and the path z{u). 
The analytic functions E^{z,r) — {E+y^{z,r) andE^{z,r) — {E^y^{z,r) 
are equal for all {z,r) eUj x B. 

a) The analytic continuation along the path {z{u),y) of the germ of 
the analytic function (S+)^*(z,r) at {z+,y) & U+ x B is given by the 
germ at {z-,y) & x B of the analytic function 




Here, (f{z, r) is an analytic function on U- x B, while the integration 
kernel T{r, t) and the contours Ct are defined as in the statement of 
theorem 4-iO. 



We finish this section with a definition and notation which will be 
useful in the next section. 

Definition 4.15. The analytic continuation operator along the path 
z{u) from the domain Uj^ x B to the domain U- x B is called the 
Mellin-Barnes operator. For any analytic function 4>{z, r) in [/+ x B, 
MB{(i)){z,r) denotes its analytic continuation along the path z{u) to 
the domain x B. 
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5. TORIC BiRATIONAL MAPS VS. ANALYTIC CONTINUATION 

As in the previous section, we consider a modification associated 
with the integral relation hiVi + . . . + = and the corresponding 
circuit / = {vj, hj 7^ 0} C .4 that determines a change of the fan E+ 
into the fan E_. Let v E N he the vector 

Let E be a stacky fan refining the fans S-t obtained by replacing the 
cones generated in the fans Sj- by sets of type I \v±, with v± G I± 
respectively, with cones generated by sets of the type vUl\{v_, v+} for 
v± e /±. It is important to note that the possibly non- primitive vector 
V is part of the information defining the stacky fan E. This definition 
makes sense even if one of the sets /_ or 7+ has only one element. In 
that case, the new vector i) replaces the corresponding generator of a 
one dimensional cone in S„ or S+. 

We have the following diagram of weighted blowdowns (possibly in 
codimension one, if either |7_|, or |7+| is equal to one): 




We will study the properties of the "Fourier-Mukai" map 
defined by 

FM := (/+).(/-)*. 
We will use the same notation 7?j, 1 < j < n, for the TT-thcory classes 
induced by the vectors Vj in any of the toric DM stacks Ps^jP^. For 
details about how the correspondence between vectors and TT-classes 
works see section 4 in [BH] . In particular, we may happen that Rj = 1 
when the vector vj does not generate a cone in the corresponding fan. 
We denote by R the TT-theory class in induced by the vector v. 

Let cr be a cone of the fan S_ generated by the vectors Vj with 
Vj & J C. A. Assume that a is not a subcone of any essential maximal 
cone (see definition 4.1). 

In other words, any maximal cone of S_ containing o" as a subcone 
is also a cone of E+ and S. It follows that the quotient fans S±/(T, E/cr 
are all unchanged, and by proposition 4.2 of [BCS], they define closed 
toric substacks in the ambient toric stacks. Note that the toric substack 
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induced by the cone a and the exceptional toric substack induced by the 
vector V in P|, have empty intersection. Hence, the restrictions of the 
maps /-t to the closed substack P^/^ of "^t isomorphisms onto their 
images in Ps±, the closed substacks Ps±/ct- As a direct consequence, 
the following proposition holds: 

Proposition 5.1. For any polynomial (j){ri, . . . , Vn) G C[ri, . . . , r„], we 
have that 

FM{ n (1 - = n i^-Rj)HR)- 

Proof. It is enough to check the statement for an arbitrary monomial 
nr=i'"r^- ^^^^ assume that J contains no elements of /. If it 

did, the elements of J \ ( J n /) would generate a cone that is not a 
subcone of any essential maximal cone of E_, and the statement for 
J \ ( J n /) would imply the one for J. Note that, since the elements of 
J generate a cone in E_, it is not possible for / to be a subset of J. 

According to theorem 9.1 (the general case) and corollary 9.4 (the 
blowdown of codimension one case) in [BH], we have that (/+)*(1) = 1. 
By the projection formula, it is then enough to show that the pull-backs 
of the classes Uj.vjeA'^ " ^j) nr=i from iro(Ps±,C) coincide in 
Ko(P^,C). Proposition 8.1 in [BH] implies that these pull-backs are 
written, with a slight abuse of notation, as 

j,vjeJ i=i 

for some integers m±. 

However, our assumption on the set J implies that the vector v and 
the elements of J do not generate a cone in E, so theorem 4.10 in [BH] 
shows that 

n (i-i?,)(i-^)=o 

j,Vj€j 

in Ko(Pf,, C). We conclude that 

n (1 - Rj)R"'^ = n (1 - 

for any integers m±. This ends the proof of the proposition. □ 

Proposition 5.2. For any polynomial 0(ri, . . . , r„) G C[ri, . . . , r„], we 
have that FM{(t){R)) = (FM(0)(7^)) (1), where the function FM{(f)) 
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is defined by 

FM{<j)){r) := 0(r) - J] / ^(^' ^")'^(^^'') 

The integration kernel T{r,t), the set of roots of unity X C C*, as 
well as the contours Ct, are those used in the statement of corollary 
4.14. 



Proof. According to theorem 9.1 (the general case) and corollary 9.4 
(the blowdown of codimcnsion one case) in [BH], if R denotes the K- 
theory class determined by the vector v in Kq[Fj.,C), we have the 
following equality of formal power series in i 

3,Vj&I- 3 

At this point, it is more convenient to work with linear operators 
on i^-theory, rather than the X-theory itself. Let TZ : KQ{¥j.,'C) — >■ 
fCo(IPsiC) be the linear map (and ring endomorphism) given by mul- 
tiplication with the class R. In order to understand the spectrum 
of TZ, note first that proposition 4.4 can be applied for the relation 
i] + ^j „^.g/_ hjVj = inducing the modification from the fan E+ to 

the fan E. Proposition 4.4 implies then that the maximum ideals of 

-K'o(P2,C) are among the {n + l)-tuples of roots unity of the form 
(t, yltP\ yltP^) with v e Box(S+), t e T{y'"), and pj is equal to hj, 
for j with Vj G /_, and zero, otherwise. We conclude that the spectrum 
of iZ consists of roots of unity contained in X. 

It follows that, for any integer /c, the operator TZJ^ admits the Cauchy 
integral representation (see Appendix 6.2). 



TZ" 



-—yf i'-\i-in-Y'di. 



Thus, for any polynomial in one variable iplr) G C[r], we have that 



-^E / mi-\i-in-Y\^)di. 
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The push down formula imphes then that 



dt. 

t£i '"-'t " " j,vjei- 

The important fact to note is that, in the second line of the formula 
above, the contours Ct,t e I, enclose all the values t where the op- 
erators / — t~'^^'JZj^ with j such that Vj e are not invertible on 

i^o(Ps+,C). 

We now analyze the behavior under the pull-back (/_)* of a mono- 
mial class Y[ in -^o(IPs_, C), with rrij positive integers. Proposition 
8.1 in [BH] implies that 



{f-n\[RT)= n n {ra^t^ 

n 

= ei ^^^^ * ^J-l- ^m, ^ ^ 

J=l 

where we have used the observation that the modifications from E_ 
and E+ to E are induced by the relations v — yjQi_{—hj)vj and 
V — X^ji; e-f+ ^J^J' respectively. Hence, by the projection formula, we 
obtain that 



(A).(/-r(nflr)=5i-En«r- 

j=i tei j=i 

Since hj — for those j with vj ^ /, we see that 



n 
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We conclude that, for any polynomial 0(ri, . . . , r„), we have that 
FM(0(i?i, . . . , i?,)) = . . . , R„)) 

= / </'(it:l^'^■■■,i?n^'")(^-27r^T(7^,^)(l))d^ 

^^^^Jc, t-1 

This ends the proof of the proposition. □ 

Remark 5.3. The statements of the previous two propositions de- 
scribe the Fourier-Mukai action on polynomial classes 0(-Ri, . . . ,Rn) 
in ii'o(Ps_,C). Both results can be easily extended to the case when 
0(ri, . . . , r„) is an analytic function in the domain U^gBox(E_)-S''; where 
C are disjoint open sets around the n-tuples of roots of unity y'" 
(see section 3 for more details on the choice of the sets B^). It is then 
enough to choose a polynomial '4'{ri, . . . ,r„) (cf. Appendix 6.2) such 
that the linear operators (pilZi, ■ ■ ■ , Tin) and ipilZi, ■ ■ ■ , Tin) coincide on 
ii'o(Ps_,'C!), and to apply the previous two results for the polynomial 

Theorem 5.4. The following diagram is commutative: 
(i^o(PE+, C))^ ^ Sol{U+) 



MB 



(Xo(Ps_,C))^ ^Sol{U^) 

Proof. For an arbitrary linear function / : ii'o(IF's+, C) C, we have 
that 

MB{MS+{f)) = /(MS(S+)(z,7^)(l)), 

and that 

M^_(FM^(/)) = /(FM(S_)(^,7^)(1)). 

We first write r) = (S± — r) + {^±Y^{z,r). In the 

notation of section 4, for any v € Box(E_), the analytic function {EZ. — 
(E"_)^^){z,r) on U- x B^ is the sum of a series made out of terms of 
the type 



with / e <S_(7") \5!."(7"'). By proposition 3.1 ii), Kq{¥^_,C) is a direct 
sum of Artinian local rings obtained by localizing at the maximal ideals 
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— Ui, . . . ,Rn ~ Vn) corresponding to all elements v G Box(E_), 

i^o(PE_,C)= (i^o(PE_,C)),. 

t)eBox(S_) 

Since (p{z,r) vanishes for values of r outside of B"", we sec that 

where : ii'o(PE_,C) — > ii'o(Ps_,C) is the projection onto the sub- 
space {Ko{F-s_,C))^ corresponding to v. 

Since / G iS_(7") \iSf.^(7"), the elements of Supp(/) generate a cone in 
S_ that is not a subcone of any essential maximal cone. In particular, 
this shows that v is also in Box(E_|_) with the same associated G 

There exists an analytic function '^{z,r) in C/_ x such that 

(f{z,r) = Y[ {^-rj)'ip{z,r), 

where J consists of those Vj in Supp(Z) such that Ij + l/(27ri) log_ yj is 
a negative integer. In particular, |/J = 1 for such j. We introduce the 
analytic function if>{z, r) on C"^ x B'" given by 

(^(^,r):= J]^ (1 -rj-)~V(^,0- 

i,-yjeo-(t)) 

Proposition 5.1 and remark 5.3 imply that 

FM{ n (/-7^,■M^,7^)(l))= n {i-^M^^nm, 

j>jeSupp(z) j>jeSupp(;) 
which means that 

FM{ip{z,n){i)) = ^{z,n){i). 

We conclude that 

FM{{^1 - {^^_r){z,n){l)) = (H!i - (H!.)-)(^,7^)(l), 

for all V G Box(E_). Hence 

FM((S_ - (S_)-)(^,7^)(l)) = (S_ - (S_)-)(^,7^)(l). 

Corollary 4.14 i) shows then that 

FM((S_ - (S_)-)(^,7^)(l)) = MS((S+ - (S+)-)(^,7^)(l)). 

Moreover, corollary 4.14 ii) and proposition 5.2 (combined with remark 
5.3) show that 

FM((S_)-(^,7^)(l)) = MS((S+)-(z,7e)(l)), 

which ends the proof of the theorem. □ 
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6. Appendices 

6.1. Auxiliary Analytic Results and Estimates. In what follows, 
we define the norm oi r — (ri, . . . ,r„) G C" to be the positive real 
number ||r|| := |ri| + . . . + |r„|. As a convention, the arguments of all 
the complex numbers used here are chosen in [— tt, tt]. 

Lemma 6.1. Let ai, . . . , be strictly positive real numbers. Then 

Proof. Note that the function f{x) = —xlogx is concave down on 
(0, +00). This means that 

T.]=i-^j'^ogXj \\x\\ \\x\\ 
n n n 

After applying the exponential to the two sides of the above inequality, 
the desired result is obtained. □ 



<M•(|a;| + ||/|)-"+^/V+^^ 



Lemma 6.2. There exists a positive constant M > such that 
1 

for any complex number z — x + iy — Re^^. 

Proof. According to Stirling's formula, we have that, for a fixed com- 
plex number u and for any 5 > 0, 
(12) r(^ + u)^ (27r)V2 ^.+„-i/2g-zQ(^) 

where, as \z\ 00, 0{1) goes to 1 uniformly in 

I arg^l < TT — S. 

As a direct consequence, we have that, if we write z — x + iy — Re^^, 
\9\ <n - S, then {u = 0) 

l-l^l = {27r)-^/^R-'^+^/^e^+y^O{l), when i? ^ 00. 

If — TT < 6 < — TT + 5, or TT — (5 < ^ < TT, we use the Gamma identity 
T{z)T{l — z) = tt/ sin(7r2;), z ^ Z<o, and again Stirling's formula for 
r(l — z) with It = 1 to write that 

1 

where 9* — arg(— 2;). Note, however, that, for any z — x + iy — i?e'^, 

+yO* = y9. 



3^12/1 1 p-27r(ll/|±ix) 



1| (27r)-^/2^-^+i/2gX+j,r(5^^^^ 



46 LEV A. BORISOV AND R. PAUL HORJA 

Clearly, there exist a positive constant a > 0, such that 

|g-2^(|j/|±ix) _ 1| < 5^ 

for any complex number z = x + iy. 
Since 

-j={\x\ + \y\) <R = + y2 < + 1^1^ 

we can replace R by + \y\ above, and conclude that there exist a 
positive constant M > 0, such that 

|^|<M.(|x| + |y|)-^+V2g.+.^^ 

for any complex number z = x + iy = Re^^ . This ends the proof of the 
lemma. □ 

Lemma 6.3. For any 5 > 0, there exists a positive constant B > 0, 
such that 

n 

for any x — (xi, . . . , Xn),y — {yi, ■ ■ ■ , yn) in such that 

\xi + . . . + Xn\ < S, \\y\\ < S. 

Proof. Note that 
(13) 

We see that 

n/ kjl + |yjU i/2 < ^ 
\M + \\y\\ ~ 

Ikll + \\y\\ ~ 



If < 0, then 
while if Xj > 0, then 



\\x\\ + \\y\\ ~ + S 

Let p be the number of strictly positive Xj, and assume that p > 0. 
We apply lemma 6.1 to the positive real numbers 



MELLIN-BARNES INTEGRALS AS FOURIER-MUKAI TRANSFORMS 47 

and get that 

^^^oM + ^' -yp{\\x\\+5)) 

Since 

5^ + 1] ^3 > ll^ll = ^^i~^ 

Xj>0 Xj<0 Xj>0 Xj<0 

we see that 

< 2y^^ Xj + 5. 

Xj>0 

Hence 

r 

for some positive constant K > 0. 
We conclude that 



and the inequahty obviously holds also in the case when there are no 
positive x/s. i.e. when p = 0. 
Moreover 

(11x11 + < {\\x\\ + \\y\\f'^'/'. 

But III/ 1 1 < S, so there exists a positive constant B > (depending on 
5) such that 

(15) (||a;|| + ||i/||)^(-^^-+'/') < S •211^11, 

for any value of ||a;|| > 0. 

By combining the formulae (13), (14) and (15), we can write 

n 

which proves the lemma. □ 

Lemma 6.4. For any 5 > 0, there exists a positive constant A > 0, 
such that 



\yj\ ^-XJ+l/2 



TTt^t-^^ tI < ^ - (4n)ll"ll, 

l\nxj+iyjy- ^ ' 
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for any x = {xi, . . . , Xn),y = {yi, . . . , Vn) in C" such that 

\xi + . . . + Xn\ < 5, ||y|| < 5. 

Proof. Clearly, we can safely assume that ||a;|| + ||y||>0. According to 
lemma 6.2, we have that 

rt ^ k 

Note first that 

According to the previous lemma, there exists a constant B > such 
that 



n 



Hence 

n 

I TT TT7 7 1 < e^^""^ B ■ Un) ll^ll , 

which ends the proof of the lemma. □ 

Lemma 6.5. Let h = {hi, ... , hn) be a fixed element in R", and /_, /_|_ 
two subsets that determine a partition o/ {1, . . . , n}. Define 

H:=Y.\h,\-Y,\h,\. 

jei- jei+ 

For any e > and S > 0, there exists a positive constant A > 0, such 
that 

I n,,.,r(x, + iy, + i(M)) I- ^ ^ ^ 

for any t & M, and any x = {xi, . . . , Xn),y = {yi, ■ ■ ■ , yn) in' such 
that 

\xi + . . . + x„\ < S, \\y\\ < 5, 

and such that, for all j & I-, the complex numbers 1 — Xj — iyj — i{hjt) 
are located at a distance greater than e from any integer. 

Proof. For j & I_, we use the Gamma identity to write 
\T{l-Xj-tyj-i{hjt))\ 



\f,-2n{\yj+hjt\±ixj) _ 1| I ly. _^ i{hjt)) 



MELLIN-BARNES INTEGRALS AS FOURIER-MUKAI TRANSFORMS 49 

The hypothesis that 1 — xj — iyj — i{hjt) arc located at a distance 
greater than e from any integer, for all j & I^, guarantees that 

is bounded from above for all j E I-. 

If we restrict the real number f to a bounded range \t\ < A, then 
lemma 6.4 provides the required result with a constant A that depends 
on A. It remains to understand what happens for \t\ > A, for some 
fixed A > 1. 

Note that 

-\yj + hjt\ < \yj\ - \hjt\. 

As a result of the above considerations, the quotient of products of 
Gamma functions invoked in the statement of the lemma is bounded 
above by a constant multiplied by 

g-'^E.ei. \hjt\ TT I 1 I 

jJ^^T{xj + zyj + z{h,t))\' 

According to lemma 6.2, this expression is bounded by a constant mul- 
tiplied by 

with Xj + iyj + ihjt = RjC^^K Since it is the case that {yj + hjt)9j — 
\yj + /ijt||^^j| < {\yj\ + |/ijt|)|6'j| < 671 + \hjt\\9j\, and X]j=i^j < 
infer that the above expression is also bounded above by a constant 
multiplied by 

n 

(16) e^-E,e._l^-l+E.=,IM.I)l*|-Q(|^.| + |^.| + |/,.i|)-.+V2. 

i=i 

We first study the sum Yl^=i l^j^jlN- Note that for any x,s with 
s 7^ one has 

|s| arctan(|a;|/|s|) < \x\, 

which shows that 

{\arg{x + is)\ — 7r/2)|s| < \x\ 
for all X and s. When we apply this to x = Xj and s = yj + hjt, we get 
\&j\\yj + hjt\ < n/2\yj + hjt\ + \xj\ 

which implies 

< 7r/2\hj\\t\ + \xj\+C, 
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where the constant C depends on 5 only. We sum this over all j and 
exponentiate to get that the factor 



e 



(-TE,-6/_l'»jl+E"=iM.- 1)1*1 



in formula (16) is bounded above by a constant (independent of the 
Xj's) multiplied by 

g-7r//|t|/2g||a;||_ 

where H = \hj\ - J2jei+ l^il- 

Let's now analyze the other factor of the formula (16) for \t\ > A. 
We see that 

n 

n 

^|i|E(-.-+i/2) Y[{\xj/t\ + \yj/t\ + |/i,-|)-"^+V2. 
Since \t\ > A > 1, we see immediately that 

According to lemma 6.3, we have that 



l[{\x,/t\ + \y,/t\ + |/i,r-^/*+V2 < B . (4n)ll^/*ll < B ■ (4n)l 



\x\\/A 



Hence the factor n^=i(kil + IVjl + l^i^l) ^^'^^^'^ is bounded above by 
a constant multiplied by 

(|t| + l)^+"/2(4„)ll^ll, 
which ends the proof of the lemma. 

□ 

The following property is essentially stated in [Bate], page 49, and 
[WW], §14.5. We include a proof for completeness. 

Lemma 6.6. Consider the integral 

Y[T{A,s + a,)Y[T{-C,s + c,) 

J, Moo n nB^s + 6,) n n-D^s + d^) ^ ' 

with 7 real, and Aj, Bj, CDj all real and strictly positive. The path of 
integration is parallel to the imaginary axis for large hut it can he 
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curved elsewhere so that it avoids the poles of the integrand. Introduce 
the following notations 



^ ^ = E^^ + E^^ - E^^ - E^^' 
/^^ = E^^-E^^-E^^ + E^^' 

rj : = K( J](a, - 1) + $](c, - 1) - ^^(6, - 1) - - 1)), 

p: = (11 vodi^f )(n<^)(n^7''^)- 



^/le integral is absolutely convergent ( and defines an analytic function 
of y) in any domain contained in 



a) Moreover, if (5 — 0, the integral is equal to the sum of the residues 
on the right of the contour for \y\ < p, and to the negative of the sum 
of the residues on the left of the contour for \y\ > p (these facts are 
obtained by closing the contour to the right, respectively to the left, with 
a semicircle of radius r —>■ oo). 

Proof. Part i) is a direct consequence of Stirling's formula (12). 

For part ii), assume that \y\ < p. It is enough to show that the inte- 
gral over a semicircle C of radius M > on the right of the imaginary 
axis and centered at the origin goes to zero when M goes to +00. It is 
possible to choose a sequence M„ ^ +cx) while making sure that the 
expressions —CjS + Cj and —DjS + dj for s = MnC^^ , — 7r/2 < 9 < 7r/2, 
are at a distance greater than some e > from all negative integers. 

The integrand can be written as 



Note that we're working under the assumptions that H > and (3 — 0. 
It follows that 




argyl < min(7r, 





n TjAjs + g,) n rjPjs + 1 - d,) n MA-D^s + d,)) 

unsjs + bj)uncjs + 1 - cj) uMA-Cjs + cj)) 



Y,cj - E^.- = E^i - E^^- = > 0- 
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Stirling's formula (12) implies that, for H = and s = MnC^^ 

^> nsin(7r(-C,s + c,)) ^^^^^ ' 

where the symbol O is independent of 9 — args when s is on the 
semicircle. 

Note that we write a„ = 0(6„) for two sequences (a„), if 

\0'n/bn\ < K,n » 0, 

with K independent of n. 
We have that 

4| sm{x + iy)f = e^^ + e"^^ - 2cos(2x), x,y eR. 

The choice explained above of the semicircles s — M„e'^, — 7r/2 < 6 < 
7r/2, guarantees that 



llsm{7r{-CjS + Cj)) 



with X independent of n. 
It follows that 

and, for < 1, 

(y/p)* = 0(cxp (M„ cos 6* log \y/p\ - M„ sin 6* arg y) ) . 
But E - E = -^/2, so 



imBjs + bj)UnCjs + 1 - cj) UMA-Cjs + Cj)) 



= 0{M^ exp {Mn{-^HTr\ sme\ - argysin^) + M„cos6'log 

Choose 5 > such that 5 < \li'K ± argy, and we see that the above 
expression is in fact 

0{MI exp (-5M„|sin^| +M„cos^log||//p|)). 

Hence, for \yl p\ < 1, and —n/2 < 9 < n/2, the integrand tends to zero 
sufficiently rapidly (when n ^ oo) to ensure that the integral along 
the semicircle tends to zero. □ 
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6.2. P\inctions of linear operators. We briefly recall some facts 
from the spectral theory of linear operators on finite dimensional vector 
spaces. The details can be found in section VII. 1 of [DS], where the case 
of one linear operator is treated. In our discussion, TZi, . . . , are mu- 
tually commuting linear operators on a finite dimensional complex vec- 
tor space V, i.e TZiTZj — TZjTZi for all I < i, j < n. If P{xi, . . . , Xn) 
is a polynomial with complex coefficients, then P{TZi, . . . , TZn) is a well 
defined linear operator on V. For a linear operator TZ on V, its spec- 
trum s{TZ) is the set of complex numbers A such that TZ — XI is not 
one-to-one. The index z/(A) of a complex number A is the smallest 
non-negative integer v such that 

{x\{n- xifx = 0} = I (7^ - xiy^^x = o}. 

Given two complex polynomials P,Q, in n variables then 

p(7^l,...,7^„) = g(7^l,...,7^„) 

if and only if P - Q is divisible by {xi - Ai)^(^i) . . . (x„ - A„)'^(^") for 
any (Ai, . . . , An) G s(7^i) x . . . x s(7ln) C C". This property provides 
the definition of the linear operator f{TZi, ■ ■ ■ ,TZn) for every function 
/ : — > C which is analytic in an open domain (not necessarily 
connected!) that contains s{7li) x . . . x s{7ln) C C". Indeed, it is 
enough to consider a polynomial P{xi, . . . , x„) such that 

or... ar^(Ai, . . . , An) = . . . ar/(Ai, . . . , aj, 

for all Xj e s{TZj) and < rrij < z^(Aj) — 1, and set 

/(7^l,...,7^J :=p(7^l,...,7^„). 

It follows that, for such a function /, the linear operator /(T^-i, . . . , TZn) 
can be expressed as 

E E 

Xies{ni),...,Xnes{-R.n) o<ji<i/(Ai),...,o<j„<i/(A„) 

(7^l - x^Iy^E,{x,) _ yin- xjy-E^{x^) ^^ ^^^ ^^^^^^^^ 

Jl- jn- 

where the operators Ej{X) are the usual projections onto the kernels 
of the operators {TZj — A/)^'^^) for some eigenvalue A e s{TZj) (compare 
to theorem Vll.1.8 in [DS]). As a direct consequence, there exists 
a Cauchy type integral representation of the operator /(T^i, . . . ,7^n)- 
Namely, assume that / is analytic in an open domain in C"^ containing 
Ui X ... X Un, where, for all j, 1 < j < n, Uj contains s{TZj), and the 
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(positive oriented) boundary Bj of Uj consists of a finite union of closed 
rectifiable Jordan curves. Then /(T^i, . . . , TZn) is given by 

-i- / /(Al,...,A„)(Al/-7^l)-^..(A„/-7^J-^o^Al...o^A„ 

[Zm) Jbix...xb„ 

(compare to theorem VII. 1.10 in [DS]). 



References 

[A] A. Adolphson, Hypergeometric functions and rings generated by monomials, 
Duke Math. J. 73 (1994), no. 2, 269-290. 

[AGM] P. S. Aspinwall, B. R. Greene and D. R. Morrison, Calabi Yau moduli space, 
mirror manifolds and spacetime topology change in string theory, Nuclear Phys. 
B 416 (1994), 414-480, hep-th/9309097. 

[Bat] V. V. Batyrev, Variations of mixed Hodge structure of afftne hypersurfaces 
in algebraic tori, Duke Math. J. 69 (1993), 349-409. 

[BO] A. Bondal and D. Orlov, S'emiorthogonal decompositions for algebraic vari- 
eties, preprint alg-geom/9506012. 

[B] L. A. Borisov, String cohomology of a toroidal singularity, J. Algebraic Geom. 
9 (2000), no. 2, 289-300, math. AG/9802052. 

[BM] L. A. Borisov, A. R. Mavlyutov, String cohomology of Calabi-Yau hy- 
persurfaces via mirror symmetry, Adv. Math. 180 (2003), no. 1, 355-390, 
math. AG/0109096. 

[BCS] L. A. Borisov, L. Chen, G. Smith, The orbifold Chow ring of toric 
Deligne-Mumford stacks, J. Amer. Math. Soc. 18 (2005), no. 1, 193-215, 
math. AG/0309229. 

[BH] L. A. Borisov, R. P. Horja, On the K-theory of smooth toric DM stacks, 
submitted to the Proceedings of the 2004 joint summer research conference on 
string geometry. Snowbird, Utah, preprint math . AG/0503277. 

[CDS] E. Cattani, A. Dickenstein, B. Sturmfels, Rational hypergeom,etric functions, 
Compositio Math. 128 (2001), no. 2, 217-239, math. AG/9911030. 

[DS] N. Dunford, J. T. Schwartz, Linear Operators, Part I: General Theory, Second 
printing, Intersciencc Publishers, Inc, New York, 1964. 

[Bate] A. Erdelyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher tran- 
scendental functions. Based, in part, on notes left by Harry Bateman, Vol.1, 
McGraw-Hill Book Co., New York Toronto London, 1953. 

[GKZl] I. M. Gelfand, M. M. Kapranov, A. V. Zelevinsky, Hypergeometric func- 
tions and toric varieties, (Russian) Funktsional. Anal, i Prilozhen. 23 (1989), 
no. 2, 12-26; translation in Funct. Anal. Appl. 23 (1989), no. 2, 94-106. 

[GKZ] I. M. Gelfand, M. M. Kapranov, A. V. Zelevinsky, Discriminants, resultants 
and multidimensional determinants, Birkhauser, 1994. 

[H] R. P. Horja, Hypergeom.etric functions and mirror symmetry in toric varieties, 
preprint math. AG/9912109. 

[HLY] S. Hosono, B.H. Lian, S.-T. Yau, Maximal degeneracy points of GKZ sys- 
tems, J. Amer. Math. Soc. 10 (1997), no. 2, 427-443, alg-geom/9603014. 

[Ka] Y. Kawamata, Log crepant birational maps and derived categories, J. Math. 
Sci. Univ. Tokyo 12 (2005), no. 2, 211-231, math. AG/0311139. 



MELLIN-BARNES INTEGRALS AS FOURIER-MUKAI TRANSFORMS 55 

[Kl] M. Kontsevich, Homological algebra of mirror symmetry^ Proc. Internat. 
Congr. Math. Ziirich 1994 (S. D. Chatterji, ed.), vol. 1, Birkhauser Verlag, 
Basel, Boston, Berlin, 1995, 120-139, alg-geom/9411018. 

[K2] M. Kontsevich, Lecture at Rutgers University, November 11, 1996, (unpub- 
lished) . 

[MMW] L. F. Matusevich, E. Miller, U. Walther, Homological m,ethods for hyper- 
geometric families, preprint math . AG/0406383 

[SST] M. Saito, B. Sturmfels, N. Takayama, Grobner deformations of hypergeomet- 
ric differential equations, Springer, 2000. 

[S] J. Stienstra, Resonant hypergeometric systems and mirror symmetry, Inte- 
grable systems and algebraic geometry (Kobe/Kyoto, 1997), 412-452, World 
Sci. Publishing, River Edge, NJ, 1998, math. AG/9711002. 

[St] B. Sturmfels, Grobner bases and convex polytopes. University Lecture Series, 
Vol 8, AMS, Providence, RI, 1996. 

[WW] E. T. Whittaker and G. N. Watson, A course of modern analysis. Fourth 
Edition, Cambridge University Press, 1940. 

Department of Mathematics, University of Wisconsin, Madison, WI, 
53706, USA, borisov@math.wisc.edu 

Department of Mathematics, Oklahoma State University, Stillwa- 
ter, OK, 74078, USA, horja@math.okstate.edu 



